



Three Problems from Antiquity, Notes and Problems.

Our guest speaker, Tom Schulte, discussed constructions using Euclidean tools: I.e., a straightedge and compass. Begin by drawing a line and make two marks on the line. Define the length of the segment between the two marks to have length one. Using the compass, you can then construct all segments with integer length. We were also shown how to construct segments with rational length. In this way, there is a correspondence between the rational numbers and some of the lengths of constructible line segments. At issue is, "What are the constructible numbers?" (I.e., what numbers correspond to constructible lengths?) Set F0 to be the set of rational numbers.
You can make a larger set of constructible numbers by taking F1 to be all combinations of the form 
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for some fixed c. We also denote F1 by 
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Similarly, we can construct a sequence of fields, F0, F1, …, where F0 is the set of rational numbers, and Fi+1=Fi(z), where z is expressible in the form 
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for some fixed c. A point in the plane is Fi-constructible if it has coordinates (a,b) where 
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. A line in the plane is Fi-constructible if its equation can be expressed in the form ax+by-c=0, and 
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. (This means that you can construct the line by marking two Fi-constructible points and using the straightedge to draw the line between them.) A circle in the plane is Fi-constructible if its equation can be expressed in the form 
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Problems:

1) Show how to add any two line segments with lengths in 
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 using Euclidean tools, and that the resulting line segment has length in 
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. Show the same for subtraction, multiplication, and division. 2) Show that the points of intersection of an Fi constructible line and an Fi constructible circle are Fi+1 constructible. 3) Show that the points of intersection of two Fi constructible circles are Fi+1 constructible.

Hint for problem 1: Recall that the speaker actually solved this part during the lecture. The idea of addition is to mark two lengths on a line of the appropriate lengths, and then the sum is equal to the combined length. If one number has length 
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 (where a and b are rational) and the other has length 
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 (where c and d are rational) show that the sum has the form 
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 (where x and y are rational). The difference is similar. 

The product and quotient are a little different. The product is constructed via the following 
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By similar triangles, x=ab. 

Now show that if 
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 (where x1 and x2 are rational) and 
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 then ab is of the form 
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 where x and y are rational. 
For division, there is a similar construction using similar triangles. Can you give the construction? Then show that the division of two numbers of the form 
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 (where x and y are rational) is also a number of this form. 
Hint for problems 2 and 3: Write the equation for a general line (ax+by+c=0) and a circle (() and then find the point of intersection. Note that the number you found may involve no more than the square root of a number in Fi. Conclude that the point of intersection is Fi+1 constructible.
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