104.1

10.4: Comparison Tests

In the several comparison tests in this section, the main idea is to compare a given series with
another series that is known to be convergent or divergent.

The (Direct) Comparison Test

Suppose > a, and > b, are series with positive terms.
o If an is convergent and a, <b, for all n, then Zan is also convergent.
o If an is divergent and a, > b, for all n, then Zan is also divergent.
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Example 1: Test the series 2#5 for convergence or divergence.
~n’4+2n+

We found this series was convergent in the last section using the Integral Test. We can also show
this with the Direct Comparison Test.

1 1 . R N . .
Observe that ————— < — for all n. Since the series Z—z is a convergent p-series, the series
n“+2n+5 n N

< 1 .
> ————— isalso convergent.
N +2n+5

for convergence or divergence.

Example 2:  Test the series 25 3
n=1 n-—

It diverges from the Comparison Test. (Compare to the divergent p-series zl :

n=1
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for convergence or divergence.

Example 3:  Test the series Z3n2 2
1o+

It converges by the Comparison Test. Compare to the convergent geometric series 2—n :
n=1

NOTE: The terms of the series being tested must be smaller than the terms of a convergent
series, or larger than the terms of a divergent series. Otherwise, the Direct Comparison Test is
useless.

Example 4:  Test the series Z% for convergence or divergence.
n*—3n

3 0
T——z — converges since Z— is a convergent p-series. However, with a
—1 —1

We know i
1

. . 3 3 . .
direct comparison, a7 3 > a for all n. So, the Direct Comparison Test cannot be used.
n*—-3n 4n

However, there is another comparison test that will help us.

The Limit Comparison Test

Suppose Zan and an are series with positive terms.

. a e . :
e If lim—=c, where cisa finite number and c > 0, then either both series converge

n—ow

or both diverge.

o If Ilma— 0 and Zb converges, then Za converges.

n—ow

o If lim2 — o and Db, diverges, then ) a, diverges.

n—ow
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Example 5: est the series z for convergence or divergence.

4n®*-3n

For the Limit Comparison Test, we will use a, :% and b, =—
4n” -3n 4n

(o)
T3 o 3 3
Iimizlimlm—_?’n Iim( 3 j(4n j=|im fn =lim 43=1

n— bn n—o (3) n—»o0 4n —~3n 3
an®

0

> 3
Since this limit exists and Z— = Z converges, the series 2—3 also converges.
4 n-1 N 1 4N n

2n°+n+3
Example 6: Test the series Z— for convergence or divergence.
~n*+n°-n

=1
It converges through the Limit Comparison Test. Compare to the convergent p-series Z—z

Example 7:  Test the series for convergence or divergence.
Example /. 3: f

It diverges through the Limit Comparison Test. Compare to the divergent p-series z
n=1
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