7.3.1

7.3: Exponential Functions

Because the natural logarithm function is increasing, it is one-to-one. Thus it has an inverse
function which is denoted exp x .

exp(x)=y ifand only if Iny =x

By the “cancellation equations” for inverse functions:

exp(In x) = x and In(exp x) = x

Also, exp(0) =1 (because In1=0) and
exp(l) =e (because Ine=1).
Let r be a rational number. According to the third law of logarithms, In(e") =rIne=r.

So, by the definition of exp x, we have exp(r) =e" for all rational numbers r.

This can be extended to all real numbers.

exp(x) =e* for xeR

Note: R is the set of all real numbers.
Q is the set of all rational numbers.
N is the set of all natural numbers.
Z is the set of all integers.
C is the set of all natural numbers.

The definition of exp(x) becomes:

e*=y ifandonlyif Iny=x.

The “cancellation rules” become: e" =x for x>0

In(e*) =x forall x.



7.3.2

Example 1: Solve Inx=3.

Example 2:  Solve ™" =8.

The graph of f(x)=e” can be obtained from the graph of y =Inx.
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Properties of the natural exponential function f(x)=¢":
Domain:
Range:
Increasing function
Horizontal Asymptote:

lime*=0 and lime* =

X—>—0 X—>00
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3x

Example 3: Find lim—-

X~>ooe _4

Laws of Exponents:

X+Yy _ AXAY

e e'e (") =e™

Differentiation of the natural exponential function:

Since y =Inx is differentiable, sois y =¢”.

d X X
— (") =e
o &)

COS X

Example 4: Find the derivative of y =¢e™".

Note: i(e“) =g au
dx dx



7.3.4

Example 5:  Find the derivative of f(x)=5ve*+7.

Example 6: Find the derivative of f(x)=e*sinx.

Example 7:  Find the derivative of g(x)=e " +2x* —4e.

Example 8: Find the derivative of y =e > tan 2x

Example 9:  Find the derivative of f(x)=cos(e* —X).

Example 10: Find the equation of the tangent line to the graph of f(x) = (e* +2)* at the point
(0,9).



7.3.5

Integration of the natural exponential function:

J‘exdx=eX +C

Example 11: Evaluate I et .

Example 12: Evaluate I5x3e’xddx

Example 13: Evaluate Iozeexdx.
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) e
Example 14: Determine Ig/_dx.
e’ +1

Example 1: _[ dx

1+¢e*

The number e expressed as a limit:

The number e can be defined as

e=lim(1+ x)%,

x—0

or, equivalently,

e= Iim(1+ Ej
X—>0 X




7.3.7

General exponential functions:

For any number a>0, e"* =a.

rina

) ) r
So, with any rational number r we have: a" = (e'”a) =€

(We begin with restricting r to rational numbers, but it can be extended to all real
numbers).

Therefore, we define exponential functions with base a for any real number x: a* =e*"?.

The General Exponential Function: f(x)=a"
Laws of exponents:

The laws of exponents for e* can be extended to a*:
1. a* =a*a’ 2. a7 =a*/a’ 3. (a") =a” 4. (ab)" =a*p*

Graphsof y=a":

v

Differentiation of exponential functions:

%(ax):axlna

Proof: %(ax) = %(ex'“a) = ex'”a%(xln a)=a“Ina

v
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_ 83x2+7

Example 2: Find y’ for y

COsX

Example 3: Differentiate y = x

Integration of general exponential functions:

X

a
Ina

J'axdx= +c, a=l

4
Example 4: Evaluate I3X dx.
0

General logarithmic functions:

If a>0 and a=1, then f (x) =a”" is a one-to-one function and its inverse is the logarithmic
function with base a.

y=log,x < a’=x




Graphs of y=1log, x:

A

7.3.9
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Change of base formula:

In x

For any positive number a with a #1, log, X=—-.

Ina

Differentiation of general logarithmic functions:

d
20 _
dx(ogax) xIna

v
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Example 5: Find % for y =log,(cosx).
X

Example 6: Find % for y =log, (2x° +tanx).
X



