7.6.1

7.6: Inverse Trigonometric Functions

Because none of the trigonometric functions are one-to-one, none of them have an inverse
function. To overcome this problem, the domain of each function is restricted so as to produce a
one-to-one function.

Inverse sine function:

y=sin"x ifandonlyif siny=x and ye{—%,%}

v

Properties of the inverse sine function:

sin™ (sin x)=x for Tex<®
2 2

sin(sin‘1 x) =x for -1<x<1

Example 1: Evaluate sin™ L?} and sinl(—%)



Example 2:

Example 3:

Example 4:

Example 5:

Example 6:

Evaluate cot (sin1 gj

Evaluate sin(sin’l(—0.54)).

Evaluate sin(sin’1 2).

Evaluate sin™ (sin %)

Evaluate sin™ [sin 5{}
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Inverse cosine function:

y=cos"x ifandonlyif cosy=x and ye[0,7]

v

Properties of the inverse cosine function:

cos*(cosx)=x for 0<x<z

cos(cos’l x) =x for —1<x<1

Example 7:  Evaluate cosl(—%j

57

Example 8: Evaluate cos‘l(cos(—?n
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Inverse tangent function:

y=tan"'x ifandonlyif tany=x and ye(%%)

X—>00 X—>—00

. _ T . _ T
limtan™ x== and lim tan 1X:_E

Graph of y=tan™"x:

v

Inverse secant, cosecant, and cotangent functions:

These are not used as often, and are not defined consistently. Our book defines them as follows:

y=cot™x ifandonlyif coty=xand ye(0,r)

y=csc*x ifandonlyif cscy=x and ye[—%,oju(o,%}

y=secx ifand only if secy=x and ye{O,%ju(%,ﬂ}

An important identity:

1 ] VA
COS ~ X+SIn X:E




Differentiation of the inverse sine function:

Since y =sinx is continuous and differentiable, so is y =sin™" x.

We want to find its derivative.

Example 9:

dx

d (sinx)=

1

1-x°

,—l<x<l

Differentiate f (x)=sin™(2x-7).
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Differentiation of the inverse cosine function:

i(cos’lx)=— ! —1<x<1
dX 1-— X2
Differentiation of the inverse cosine function:
d 4
—(tan " X)=
dx( ) 1+ x°
Derivatives of other inverse trigonometric functions:
. 1 d 1
—(sin*x) = —(esc?x)=————
dX( ) 1-x2 dX( ) IX|V/x* ~1
d -1 1 -1 1
—(cos™ x)=- —(sec™ x)=——
dX( ) 1-x? dX( ) IX|V/x* -1

d 1 d
&(tan X):1+ X’ &(COt X):_1+ X’
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Example 10: Find the derivative of f (x)= georax

Example 11: Find the derivative of y =csc™ (tanx).

Integration formulas involving inverse trigonometric functions:

Two important integration rules come from the inverse trigonometric differentiation rules.

dx=tan*x+C

J

dx=sin*x+C j

2

1-x° X2 +1

. 1
Example 12: Find j—dx.
\J1-9x?
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Example 13:

More general forms of these integration rules are

J. 21 de:ltan‘l(5j+c.
x*+a a a

J\/idx sin” (XJ+C

Example 14: Find J'44—de.
X" +25



Another antiderivative:

dx =sec™ |x| +C

,[1
XXt -1

. 1
Example 15: Find | ——adx.
J.x\/xz -4

Example 16: Find J'4 L

1 1ovi17 X
X =12x+17
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