12.4.1

12.4: Tangent Vectors and Normal Vectors

The unit tangent vector:

Definition: The Unit Tangent Vector

Let C be a smooth curve represented by r on an open interval 1. The unit tangent vector is

r'®
rl

T(t) =

, provided r'(t)=0.

Note: If r represents the position of a particle, then r'(t) is the velocity vector.
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Example 1:  Find the unit tangent vector for r(t) = (2sint) i+ (2cost) j+ (&3 k at the

point P(l,\/§ ,1). Find a set of parametric equations for the line tangent to the space curve at
point P.
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There are infinitely many vectors orthogonal to the unit tangent vector T(t) . One of them is
T'(t).

The principal unit normal vector:

Why is T(t) L T'(t)? \ \
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12.4.2

If we normalize T'(t), we get the principal unit normal vector.

Definition: Principal Unit Normal Vector

Let C be a smooth curve represented by r on an open interval. If
T'(t) # 0, then the principal unit normal vector at t is defined to be
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Example 2: Calculate the unit tangent vector and the principal unit normal vector for

r(t) =(2cost,2sint,3t). (in Yems, SF -é,\)
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12.4.3

Example 3: Calculate the unit tangent vector and the principal unit normal vector for
O @ 24,6
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12.4.4

Tangential and normal components of acceleration:
Recall: If r(t)-r(t) =|r(®)|" =c, then r(t)-r')=0.

Thus, if the velocity is constant, then the velocity and acceleration vectors must be orthogonal.
In other words, if the speed ||r'(t)|| is constant, then r'(t)-r"(t)=0.

If an object is not traveling at a constant speed, the velocity and acceleration vectors are not
necessarily orthogonal.

The acceleration vector can be broken down into the components: a tangential component acting
in the direction of the line of motion, and a normal component acting perpendicular to the line of
motion.

Theorem: If r(t) is the position vector for a smooth curve, and if
the principal unit normal vector N(t) exists, then the acceleration
vector a(t) ligs in the same plane as T(t) and N(t).

\

— N®
- az (O @
02-?:‘\”6”"1’%& cowponass F oceaduedte, s&&%
a © Y\orma& CO""V»M‘V o “Mta”

This theorem follows from the fact that a(t) can be written as a linear combination of T(t) and
N(t) . In other words,

a(t) =a, T(t) + aN(t) .

a, 1is the tangential component of acceleration; ay 1is the normal component of acceleration.

Theorem: If r(t) is the position vector for a smooth curve, and if N(t) exists,
then the tangential and normal components of acceleration are as follows:
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12.4.5

The easiest method for finding N(t) is usually to calculate the other four values in
a(t) =a,T(t) + aN(t) and solve for N(t) algebraically.

Example 4: Suppose that r(t) —<t3 2t 4t2> Calculate a(t), a,, ay, T(t) and N(t) for t=1.

¥ = L3t 5 8Ly =N

') (B0 ,2,807 = L2 2> = VO
\\';-“L\\\\; T = Drae = ¥

— =RYES R
._T—C\B = Lr——~ = <_3J2) —
W OON =
). Ty By et 8y
g 46_‘6) 0) BV

> 60,087 = Filo 85 =aL\sj

- "’C\\\:E C\\
o o & -
- 46,087 - =, J"’l N r—,>

\9 D~ O&
5 S Tt -
\\@\A?\
Op W3\

} 5 (s (2 ) 2D

— — oy Y
om > Wt e 24 -7

: \ﬂ‘ \ (3,28 )
= Q) = TO ag T
= W0
&>
L(Q‘D%’v <¢’138_"13\Y‘—7 r_ (_
wt S %
469 0, 8>’ ’L’\ , A1, T e






