12.5.1

12.5: Arc Length and Curvature

Arc length:

Theorem: Arc length of a curve in R’

Suppose C is a smooth curve described by r(t) = x(t) i+ y(t) j+ z(t) k on an interval [a,b],
and that the curve is traversed exactly once as t increases from a to b.

The arc length of C on the interval is

s= [ JIXOF +Iy'®OF +[2®F dt={ |r')]dt.

Example 1: Find the arc length of the curve described by r(t) =i+t* j+t’ k over the interval
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Example 2: Find the arc length of the curve described by r(t) = <6t,4sint,4cost> over the l_?
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12.5.2

Definition:

Suppose C is a smooth curve described by r(t) = x(t) i+ y(t) j+ z(t) k on an interval [t,,b].
Then, for t €[t,,b], the arc length parameter with base point P(t,), or arc length function, is

SO = [ VIX@P+Iy @F +[z@F du= [/ [rw]du.

Note: The arc length parameter function S(t) is nonnegative and increases with increasing t. It
tells us the distance along the curve from a fixed base point P(t) to the point P(t). Because tis

being used as the input for the function S(t), we must use another variable (e.g., U) as the
variable of integration.

Example 3:  Find the arc length parameter for the helix r(t) =(cost,sint,t), using t, =0 as the

base point. Write the vector-valued function for the helix in terms of the arc length parameter S.

What is ||r'(s)||? C,\«k‘“q-l \'QP:W\QQ%‘_ ? L‘A = [cos « Siaw, U>

=\ ; 7
(W= Z-Scu, cosd, £
(6= g WA = S;Xsw <\ o

A\

° It
=2 O\\ = &&’O\’- 2t
()

. -é— i*_
Qlf\bo\ro;v{\e}iftcgg v us\f-k.é\ ‘\AS&—‘CA cpi—(_-, A =32 L = = =

A\ A
-« (£ = Lest y v, €7 aﬁ(}) = { cos (%,)3 >N (ﬁ—\) \Fz->]

el \TOOV: " )
w@®yses ), =
o) e (B we G, 5O

A A \
2 @)
1T (B xS o () v m =T
BN e T R

Dan 4 o e arc  engh ww@\v s WS @O = U odwoigs,
Tor Y Tporawsi2Stog T Wnd o= A LEHON T\) Yan
A wwetT et Al agc &w\tﬁ\&\ ?a\rcm.tk .




12.5.3

Curvature:

Curvature is a measure of how sharply a curve bends. How much does the unit tangent vector
change for each unit of arc length? Remember, the unit tangent vector has magnitude 1.

Definition: Let C be a smooth curve in R* or R, described by r(s) where
s is the arc length parameter and T(S) is the unit tangent vector with respect
to the arch length S. Then the curvature x at S is
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Example 4: Find the curvature of a circle with radius r. \\,\ ij_w_
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For many functions, it is not possible or not practical to rewrite the position function in terms of ‘Z

the arc length parameter. Fortunately, there are other ways to calculate the curvature (keeping the
function in terms of the original parameter t). Qé'\ -K'_Cﬁ
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Example 5: Find the curvature of the curve given by r(t)=ti+t’ j at the point where t=1.
c (€)= Jt )‘éz, O we | we \\
T = 44,2507 Y. WO T 450\\
ch@- Lo Wl

?\(A: L\)Q\b
THO = Loawry

; V‘\ Lonent?
[
(&)

—\\ - LA
T W © (“‘\\ -
(&]

-
2\
\[\“% \\?*(.\\% —‘F\\L\\\\ — _ﬁ@ = ,.’)—/— = §5368% 6(5

o (e @20

Example 6: Find the curvature of the curve given by r(t) =4costi+3sint j+tk at the point
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12.5.5

Example 7: Find the curvature of the curve given by r(t) = <et cost, €' sint,2> .

YOy - et ok, eF o, 17 g
o é—\’e, 5&/\.'6 o

T ¥\ -2 sm-l:,x-e, st s

TN e L-gf st -eF st —efeiit vk, - \6%%\{;*&.@5{» &cwﬁﬁ-\'eﬁ‘snxﬁ 0y

= 4-—/)_.6 {.A‘L, ‘:Le. C_a‘» )&

7y R
\\( e+ V‘ (:‘:\\\ Q':s: nb -ke,e cont Q‘rws‘&. « ef sint O
_nobank 2et st o

=\\< o, k/v‘l‘é{_*’m ont e V%*Z& ‘,\,S%)g

L0, 0, 2™t ent r 28 2SN
t
S\ Lo, 0y 255\ = Loy 1570 = e

Ve =\ € bainb s« eb ok | 5 cont « Fmink s A
= Ww@ (2 %ﬁ*ej:ﬁ,mﬁ «0> e e ?@

Curvature in rectangular coordinates:

If C is the graph of a twice-differentiable function y = f(x),
then the curvature at the point (X, Y) is

A L ¢S]

[1+(y!)2]3/2 [l+(f v(X))2]3/2 :

Example 8: Find the curvature of the graph of f(Xx)=2x +i at the point where X =1.
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12.5.6

Example 9: Find the point on the curve at which the curvature is at a maximum.
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Relationship of curvature to the tangential and normal components of acceleration: L2
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Tangential component of acceleration: rate of change of speed (thus rate of change of arc length). 0. 2, s_ <
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Normal component of acceleration: involves both rate of change of speed, and also curvature. z
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Theorem: If r(t)is the position vector for a smooth curve Mot corNes
C, then the acceleration vector is W\M.\l\
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Example 10: Find the tangential and normal components of the acceleration for the curve giQn

by r(t) = <et cost, €' sint,2> . (Same curve as Example 7.)
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12.5.7

More on motion in R’:

Motion in R*can be described using the Frenet-Serret frame or TNB frame. The TNB is
composed of the unit tangent vector T, the principal unit normal vector B, and the binormal
vector, which is the unit vector orthogonal to both B and T. These three mutually orthogonal unit
vectors form a basis of R*, meaning any other vector can be written as a linear combination of
these three vectors.

Useful site: https://en.wikipedia.org/wiki/Frenet%E2%080%93Serret formulas

Normal plane to curve C at the point P: the plane determined by N and B. The vector T always
emerges from the normal plane at a right angle.

Osculating plane to curve C at the point P: The plane determined by T and N. The osculating
plane is the plane that comes closest to containing the part of the curve near P.

Osculating circle to curve C at the point P: Lies in the osculating plane. This circle shares the
same tangent vector, normal vector, and curvature as the curve C at P. (Thus, for the part of the
curve near P, the osculating circle closely approximates the curve.)

Torsion 7 : measure of a curve’s tendency to not be planar.

Curvature x : measure of a curve’s tendency to not be a straight line.

More formulas (you aren’t responsible for these, but may use them if you like. Sometimes they
are easier.)

r'(t)xr'(t)

BO=TONO= ]

r'(t)yxr"(t) y r'(t)
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N(t) =B(t)x T(t) =
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r=-B'(5)-N(t) =



