13.8.1

13.8: Extrema of Functions of Two Variables

Definition:

Extreme Values:

The values f(a,b) and f(c,d) are called the minimum and maximum values, respectively, of
f inaregion Rif f(a,b)< f(x,y)< f(c.d) forevery (X,y) in R.

(For clarity, sometimes these are called absolute or global extreme values, to distinguish them
from relative (local) extreme values.)

Relative Extreme Values:

A function f(x,y) has a relative (local) maximum at (x,,Yy,) if f(X,y)< f(x,,y,) forall
points (X, Y) in an open disk containing (X, Y,). The value f(X,,Y,) is called a relative
maximum (or local maximum) of f.

A function f(X,y) has arelative (local) minimum at (x,,y,) if f(x,y)=> f(x,,y,) forall
points (X, Y) in an open disk containing (X, Y,). The value f(X,,Y,) is called a relative
minimum (or local minimum) of f.

Extreme Value Theorem:

Suppose f(X,Y) is a continuous function defined on a closed and bounded region R in the
Xy-plane. Then,

1. There is at least one point in R at which f takes on a minimum value. k“j‘v
2. There is at least one point in R at which f takes on a maximum value.

Definition: Critical Point

Let f be defined on an open region (X,.Y,). The point (X, Y,)1is a critical point if one of the
following statements is true.

1. f,(X.Y,)=0 and fy(xo,yo):OO‘L

-—
2. f,(%,, Y,) does not exist, or f (X,,Y,) does not exist.
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Example 1: Find the critical points for the function f(X,y)=(x"+Yy?)
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Theorem:

If f has a relative minimum or relative maximum at the point (X, Y,), then (X,,Y,) must be a

critical point of f.

This means that if both of the first-order partial derivatives exist at a relative extremum, then the
tangent plane must be horizontal.

Note: As with functions of one variable, not every critical point yields a relative extremum.

Example 2: Find the critical points and relative extrema for the function.
f(X,y)=2X"+Yy’ +8X—6Yy+20
o) = < A%~B, 24-C7

Toc crdicd ’\70?'\.SVS) Ry _C\‘-

=0 a.vd S;(Q’; 0

M <= =Y ¥,
NENONE
Tog a3 ek (T‘L\‘{D N

« O
LRyl 4e®

4/4,0“ 4—% (O (®)

%—QFO

A<+A:<%=O ZaA SEND 3,
\/u____i %;5 So,'?' A CIEN
X oS t™Na miaimun

‘\)‘Nz__ORJ&S cq:z\tcc& ‘FOTA' .

f—lu W LD

SN 2F M v Gr—Lyt 20

C,ow\(alnél U sgwefe: L8~ Dx «y=—y*20 - Fad
Flodds 2(F+ e )+ (F -Gy $IV*2 -F

£ (ed>= > e H{(y—28 « 2




13.8.3

Example 3: Find the critical points and relative extrema for the function.
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Example 4: Find the critical points and relative extrema for the function.

h(x,y) =2x> -3y’
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Example 5:  Find the critical points and relative extrema for the function.

h(x,y)=2x> -3y’

Theorem: Second Partials Test

Suppose the second partial derivatives of f(X,Yy) are continuous on an open region
containing the point (a,b).

Suppose also that f,(a,b)=0 and f (a,b)=0. (%o LQ-»\“\) - C\r‘:\'?oo& ;’otx\b

Define D(a,b) = f,,(a,b)f, (a.b)—[ f, (a.b)] . Then,

1. If D(a,b)>0 and f,(a,b)>0, thenf has a relative minimum at (a,b).

2. If D(a,b)>0 and f (a,b) <0, thenf has a relative maximum at (a,b).

3. If D(a,b) <0, then there is a saddle point (and thus, no relative extremum) at (a,b).

4. 1f D(a,b) =0, then the second partials test is inconclusive.
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Example 6: Find and classify the critical points of f(X,y)=-X +4xy—2y’ +1.

Y G - E 220\ =247
) AN - 4y =D
syl o
L o Gt B Gow)
/’%xz‘*
A4y 2O = A= S D EH) 3= B\ v 490
2ty G0
Chodh 9= % wh o~ ¥ W . Ay
. =3 xa=0 —t’(sf N
4 L’D'\L-'e“c\‘o A ’:?
SN “ ol BT
~=0 ° = 44
\ ”’*”‘i ? C > D
M= SY-FRNICS °‘é9->
Example 7: Find and classify the critical points of f(X,y)=3x*+12xy+2y’ +6y+5.
iy &,ﬁ\ e~ Y Sk *&ﬁ&o-’O‘L
- A~ Ay %0 _ _ =
e PN T ey e
Tus C’\M@\ b V2L~ Ay +(=0 —
1\ — 104 =&
f% (’\L\ \ - _.de—: "{o
-G\f)ldu"'ﬁ\ - 4/ U)—: - —@7—,0:%?0
B i e
D 0 %6
* = - \® 2
AN TS

C\rt\-\cc& ?-\_ C ?a) \©

§ o~ B
—b: ‘g\pg % 6%\ 2_4,_\4«-4. - —-\2¢> CV

G (R - = 3 3—3
.Q\/\\TQ \M\ % 9y ‘0

-

. M ?o‘» A& C\"O sl




By b e rad s (00 ad G%fﬁ

—?wc (\f"a@ = %\& -~ Ay %L‘&%\ ,.\4{\“*%
T G‘“& = - lox = G Cﬁo&\-‘- A

4’*‘1 (_\H&& = A L‘:SU\\"" -4 S
V) Gc,@ = | S J{‘/-U}\ —(a¥ X - 'g**g"&%_’ 6"‘?}\
Jef‘ 'Qu% ” \ kN > «&*C—% -X

2 A~ —\(6

-—
—_—

D (0,0) = 2@ == <o
Lo g s QEM i o} Coﬂ

o % )= = 2-C >0

Nt Cody= —Gx
Q“C%’%z _e(xy- -2 Lo

1?.%8 o
C_U‘EY\QS (P-\g" [OJ%) Q%;‘ss G'L)Z\) C"Z)"L\

S NE (st ~\O D &)tﬁ\=g‘%§u{\% ’6*‘3>

2.
_g(% G&NA\: A D) ) ((Q')H\QLA’?"“%\— é‘%\
2
¥&% (TFIUS\Z A% 35\/ :/I/A\Z,k%%%k%o——\(mo ,
C’,‘L, = ‘ = Qo >0
M W o\% (_0‘0\:(&(0\*\0:\050 ;
o (aD? 2‘\(-73‘*&8(—25 ¥ W on o (0,0N
x =D -
- ?o(,.,« O vc’%)&: 7.4("—(_% *88(7%34 Zo -6 COSZ
Lgo_w&l. ’(>"Y a:&‘ (.‘75"2‘5 \ - zaco _ 6%0 «90
3
VCnd - walB epd Cn oo

LB\ (D= - Gt

\o - L = - =-0 Lo
[t T & 70 | e %%

N0} NMyee Cé( C—-—\%‘D,




13.8.6

Example 8: Find and classify the critical points of f(X,y) =X +2xy> +5x* +4y* +3.
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Example 9: Find and classify the critical points of f(X,y)=2xy _% x* __% v o1,
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Example 10: Find the absolute extrema of f(X,y)=3x"+2y> —4y over the region bounded
by the graphs,of y=X" and y=4. \
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