
14.6.1 

14.6:  Triple Integrals and Applications 
 

 
The properties of single and double integrals generally carry over to triple integrals:  
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 where Q is the union of two nonoverlapping solid subregions 1Q  and 2Q . 

 
We evaluate triple integrals by converting them into iterated integrals. When we rewrite dV  in 
terms of x, y, and z, there are six possible orders of integration:  
 

dxdydz dydxdz dzdxdy

dxdzdy dydzdx dzdydx
  

 
Fubini’s theorem can be extended to show that all these orders of integration will give the same 
result, provided the boundary functions are continuous.  
 

Definition: (Triple Integral)  
 
Suppose ( , , )f x y z  is continuous over a bounded solid region Q in 3 . Also suppose that Q is 
partitioned into n three-dimensional boxes, in such a way that the norm of the partition 
(diagonal of the largest box, denoted  ) approaches 0 as the number of boxes approaches 

infinity. (In other words, 0   as  n  ).  Then the triple integral of f over Q is  
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where iV  is the volume of the ith box, and ( , , )i i ix y z  is any point in the ith box (provided this 

limit exists).  
 
The volume of the solid region Q is 
 

Volume = 
Q

dV .  



14.6.2 

 
When we evaluate the innermost integral, we hold two of the variables constant. In the second 
integration, one of the remaining variables will be held constant, just as we did when evaluating 
double integrals.  
 

Example 1: Evaluate the iterated integral 
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Example 2: Evaluate the iterated integral 
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Fubini’s Theorem:  
 
Suppose ( , , )f x y z  is continuous on the solid region Q. Suppose also that Q is defined by 

 a x b  , 1 2( ) ( )h x y h x  , and  1 2( , ) ( , )g x y z g x y  , where 1g , 2g , 1h , and 2h  are 

continuous functions. Then   
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If we swap around the roles and boundaries for the variables, we can write an equivalent 
version of Fubini’s theorem for all six possible orders of integration.  



14.6.3 

Example 3: Find the volume of the solid bounded by the graphs of  2y x  and the planes 
9y   , 0z   , and 4z  .  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Example 4: Find the volume of the first-octant portion of the solid bounded by the graphs of 

2y x , z x , and 2y x  .  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



14.6.4 

Example 5: Find the volume of the solid bounded by the graphs of 29z x  , 2y x   , 
0y   , 0z   , and 0x  , with 0x  .  

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Example 6: Rewrite the iterated integral 
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14.6.5 

Example 7: Rewrite the iterated integral 
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Example 8: Rewrite the iterated integral 
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integration.  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



14.6.6 

Example 9: Evaluate 
E

xz dV , where E is the tetrahedron with vertices (0,0,0) , (0,1,0) , 

(1,1,0) , and (0,1,1) .  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



14.6.7 

Moments and centers of mass:  
 
If  Q is a solid region with density function ( , , )x y z , then the mass of Q is   
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The first moments about the yz-plane, the xz-plane, and the xy-plane are given by:  
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The center of mass of the solid Q is ( , , )x y z  , where yzM
x

m
  , xzM

y
m

 , and xyM
z

m
 . 

 
The moments of inertia (second moments) about the x-axis, y-axis, and z-axis are   
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We’ll skip finding the moments of inertia for solids.  
 
 
Example 10: Find the mass and center of mass of the solid bounded by the graphs of 4z x  , 

0z   , 0x   , 0y   , and 4y   , with density function ( , , ) 2x y z y  .  
 
 
 
 
 
 
 
 
 
 
 


