14.7.1

14.7: Triple Integrals in Other Coordinates

Cylindrical coordinates:

If f(x,y,2) isa continuous function on the solid Q, we can write the triple integral as

j(j)j f(x,y,2) dV =Lj““yy)) {00 y,2) dz | da,
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where the double integral is evaluated over region R in the Xy-plane. If polar coordinates are
used, we write dA=rdrdé and the triple integral is rewritten as an iterated integral in z, r, and

o:
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Fubini’s Theorem still applies, allowing us to rearrange the order of integration.

Example 1: Find the volume of the solid bounded by the paraboloid z =36 —X> —y* and the
plane z=0.



14.7.2

Example 2: Find the volume of the solid bounded by the paraboloid z =10-3x>—3y? and the
plane z =4 . (Same problem as Example 2 in Section 14.3.)

: . 3 Vo po-xey . L
Example 3: Evaluate the iterated integral .[0 '[0 '[0 dz dy dx . (Hint: Rewrite using

cylindrical coordinates.)
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Example 4: Find the volume of solid inside the graph of x* + y*> +z*> =16 and outside the

graph of Z=/X"+y’ .
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Example 5: Find the volume of the solid cut from the sphere X* + y* +z*> =4 by the cylinder
r=2siné.
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Spherical coordinates:

Recall: In spherical coordinates, we write point P as (p,6,9), where p is the distance from the
origin O to P, @ is the same angle used in cylindrical coordinates (for r >0), and ¢ is the angle

between OP and the positive z-axis.

Equations relating spherical coordinates to rectangular and cylindrical coordinates:

X = psin¢gcosd y = psingsin @ Z=pcos¢
y -1 z -1 z
X+y +27=p° tand == $=co8 | ———————=|=co0s (—j
X X +y +7° r’+z°
r’=p’°sin’ ¢ p=~Nr’+7°

If we start with .m. f(X,y,z)dV , the volume increment dV can be written as
Q

p’sinpdp dpdd .

So, our triple integral becomes

I fxy.2rav :j:j:zj; f(x,y,2)p*singpdp dpdd .
Q
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Example 6: Find the volume of the sphere X° + y* +z° = R* using spherical coordinates.

N J9-x2—y?
Example 7:  Rewrite the iterated integral J.: IO ’ IO S JX*+Yy* +2° dzdydxin both

cylindrical and spherical coordinates. Choose the easier form to integrate.
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Va6 —y? .
Example 8: Rewrite the iterated integral I02J04 '[0 e e y* dzdydx in both

cylindrical and spherical coordinates.

Example 9: Find the volume of the solid bounded below by the upper half of the cone
2> = x>+ Yy’ and above by the sphere X* +y>+2°=9.
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Example 10: Set up integrals in cylindrical and spherical coordinates to evaluate
J.” (x> +y*)dV , where H is the hemispherical region that lies above the Xy-plane and below the
H

sphere x>+ Yy’ +2° =1.



