14.7.1

14.7: Triple Integrals in Other Coordinates

Cylindrical coordinates:

If f(X,y,2) isacontinuous function on the solid Q, we can write the triple integral as
jﬁ f(x,y,z)dV = HU o) f(X.Y.2) dz}dA

where the double integral is evaluated over region R in the xy-plane. If polar coordinates are
used, we write dA=rdrd@ and the triple integral is rewritten as an iterated integral in z, r, and

o:

6, J9,(0) Ih(reosd.rsin)

m f(x,y,z)dV :J‘g' IgZ(H)IhZ(rcosgrSing) f(rcosd,rsiné,z)r dzdrdo.
Q

Fubini’s Theorem still applies, allowing us to rearrange the order of integration.

Example 1: Find the volume of the solid bounded by the paraboloid z =36—x> -y’ and the
plane z=0.
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14.7.2

Example 2: Find the volume of the solid bounded by the paraboloid z =10—-3x>—-3y* and the
plane z =4 . (Same problem as Example 2 in Section 14.3.) }
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Example 3: Evaluate the iterated integral IO IO I dzdydx . (Hint: Rewrite using

° X

cylindrical coordinates.)
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Example 4: Find the volume of solid inside the graph of x* + y*> +z*> =16 and outside the @
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14.7.4

Example 5: Find the volume of the solid cut from the sphere X* +y* +z*> =4 by the cylinder
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Spherical coordinates:

Recall: In spherical coordinates, we write point P as (p,8,¢), where p is the distance from the
origin O to P, @ is the same angle used in cylindrical coordinates (for r 20), and ¢ is the angle

between OP and the positive z-axis.
Equations relating spherical coordinates to rectangular and cylindrical coordinates:

X = psingcosl y = psingsiné Z=pcosg

B} Z i} z
X +y +2°=p tang =2 $=cos”| ———— =cosl( J
X X +Y +27° r’+z’°

r’=p’sin’ ¢ p=Ar’+z’

C:; S5 ¢ = Ps‘mQS £ Q\\%'\(‘Mvvo i ?as«\‘.vw

If we start with m f(X,y,2)dV , the volume increment dV can be written as
Q

p’sinpdp dpdé . \» %\OC)L a\\l A a\o(,

W= pumpr B
Tor Yh ot A 24"%‘&9
arc &wobjs\r\ = (-"“A“% R ) )

Vb:ﬁb%
C=v &NOD = p %?"¢’l@'
\ _&\l = Ck\oc,: AP LFb‘d\CP et/\ﬁ B@B

So, our triple integral becomes S f)z <oif\(2{ B-() A¢ NG
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14.7.6

Example 6: Find the volume of the sphere x* + Yy’ +2° = R® using spherical coordinates.
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Example 7:  Rewrite the iterated integral I _[ _[ ey X2+ Yy’ +2* dzdydxin both
cylindrical and spherical coordinates. Choose the easier form to integrate.
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Example 9: Find the volume of the solid bounded below by the upper half of the cone
2> =x>+Yy° and above by the sphere x> +y>+2°=9.
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14.7.8

Example 10: Set up integrals in cylindrical and spherical coordinates to evaluate
I _[ _[ (x> +y*)dV , where H is the hemispherical region that lies above the Xy-plane and below the
H

sphere x> + Yy’ +2° =1.
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