15.1.1

15.1: Vector Fields

Vector fields are functions that assign a vector to each point in R* or R*.

We can represent a vector field by a mesh of arrows at regularly spaced intervals.
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Example 1: This is a graphic o
representation of the vector field \
F(Xa y) :<X_ Y, X+ y> .
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Example 2: Plot a few vectors in the field for F(X, y) = <X2 Y, Xy2> . 't- v /
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15.1.2

Note: A gradient function Vf (X, Y) =< f.(x ¥, £, (X, y)> ,or
Vi(x,y,z)= < f(xy,2), f,(Xy,2), f,(XY, z)> , is a vector field. Physical examples of vector

fields include velocity fields, gravitational fields, and electric force fields.

Conservative vector fields and potential functions:

Definition: A vector field F is called conservative if there exists a differentiable
function f such that F = Vf . The function f is called the potential function for F.
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Example 3: Find a conservative vector field for the potential function f(x,y)=X’y* +2xy*.
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Theorem: Test for a Conservative Vector Field (in R*)

Let functions M and N have continuous first partial derivatives on an open disk R. The
vector field F(X,y) =Mi+ Nj is conservative if and only if
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15.1.3

Example 4: Determine whether the vector field F(x, y) = (xX’y’ —=2X)i+(3x'y—=2y)j is
conservative If it is, find a potential function for the vector field.
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Example 5: Determine whether the vector field F(X,y) = (X’ y* —4X)i + (% x'y—6y)j is

conservative. If' it is, find a potential function for the vector field.
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Example 6: Determine whether the vector field F(x, y) =3x>y%i+2x’yj is conservative. If it
is, find a potential function for the vector field.
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15.1.4

Curl of a vector field:

Definition: Curl

The curl of F(x,y,2z) =Mi+ Nj+ Pk is

curl F(X,y,2) =V xF(X,Y,2)
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If curl F =0, then F is said to be irrotational.

Example 7: Find the curl of F(X,y,2)=Xxzi—2xzj+ yzk at the point (2,—-1,3).
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Theorem: Test for a Conservative Vector Field (in R*)

Let functions M , N, and P have continuous first partial derivatives on an open sphere
Qin R’. The vector field F(X,y,z)= Mi+ Nj+ Pk is conservative if and only if

curl F(x,y,2)=0.

Consequently, F is conservative if and only if

P_ON P_M L ON_M
oy oz ox o ox oy




15.1.5

Example 8: Determine whether the vector field F(X,y,2) = y’Z’i+2xyz’j+3xy’z’k is

conservative. If it is, find a potential function for the vector field.
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Example 9: Determine whether the vector field F(X,Y,z) = xyzi— y’j+ xzk is conservative.

If it is, find a potential function for the vector field.
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Example 10: Determine whether the vector field F(X, Y,z) =2xyi+ (X’ +z°)j+2yzk is

conservative. If it is, find a potential function for the vector field.
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Divergence of a vector field: 15;(’* v, D “,3,(6,«%2% Ve

Definition: Divergence

\ 15.1.6

The divergence of F(X,y)=Mi+ Nj is

= _ /2 |2, N
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The divergence of F(X,y,z)=Mi+ Nj+ Pk is

divF(x,y,2) = V-F(X, y,z):‘z_MJra_NJr@_P
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Note: curl F is a vector function; divF is a scalar function. Because curl F is defined as a cross

product, it does not make sense in R”.

Example 11: Find the divergence of F(X, Y, z) =In(xyz)(i+ j+k) at the point (3,2,1).
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(b) divF(0,2,0), and (¢) div(curl F(x,Y,2)). )2\“ - _\_70 « .\_Z >
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Theorem:

If F(X,y,2)=Mi+ Nj+ Pkis a vector field and M , N, and P have continuous second
partial derivatives, then

div(curl F(x,y,2))=0.
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