
15.6.1 

15.6:  Surface Integrals 
 
Whether a surface is described by a function ( , )z g x y  or by a vector-valued function 

( , ) ( , ) ( , ) ( , )u v x u v y u v z u v  r i j k in two parameters, we can have a scalar-valued function 
( , , )f x y z , that produces a scalar for each point ( , , )x y z  on the surface.      

 
 
The surface integral of a function f over a surface S is defined as  
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( , , ) lim ( , , )
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f x y z dS f x y z S
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

  ,  

 
where each iS  is a “patch” on the surface, ( , , )i i ix y z  is a point on iS , and that all the 

incremental surface patches iS  partition the surface in such a way that the area of the largest 

patch approaches 0 as the number of patches approaches infinity. (The integral is defined only if 
the limit exists.)  
 
As with a double integral over an area, or a triple integral over a volume, we evaluate a surface 
integral by writing it as an iterated integral.  
 
 

 
 

Example 1: Evaluate the surface integral ( )
S

x y z dS  , where S is the first-octant portion 

of the plane  2 2 2x y z   .   
 
 
 
 
 
 
 
 
 
 

Theorem: Let S be a surface with equation ( , )z g x y , and let R be its projection the xy-
plane. If g and its first partial derivatives are continuous on R, and if f is continuous on S, 
then the surface integral of f over S is  
 

 2 2( , , ) ( , , ( , )) 1 [ ( , )] [ ( , )] .x y

S R

f x y z dS f x y g x y g x y g x y dA      

 



15.6.2 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Surface integrals over surfaces defined parametrically:  
 
If a surface S is defined parametrically by ( , ) ( , ) ( , ) ( , )u v x u v y u v z u v  r i j k , then we already 

know that u v

S D

dS dA   r r . So, not surprisingly, when we calculate ( , , )
S

f x y z dS  for 

parametrically defined surfaces, we simply replace dS  by u v dAr r .  

 

 
Note: Compare this to the line integral for a parametrically defined curve: 
 

( , , ) ( ( ), ( ), ( )) '( ) ( '( )) '( )
b b

C a a
f x y z ds f x t y t z t t dt f t t dt   r r r  

 
 
 
 
 
 

Theorem: Surface Integral over a Parametric Surface 
 
Suppose a surface S is described by the vector-valued function ( , ) ( , ) ( , ) ( , )u v x u v y u v z u v  r i j k , 
on a domain D in the uv-plane. Then the surface integral of ( , , )f x y z  over S is   
 

( , , ) ( ( , ), ( , ), ( , )) ( ( , ))u v u v

S D D

f x y z dS f x u v y u v z u v dA f u v dA     r r r r r .  



15.6.3 

Example 2: Evaluate the surface integral 
S

yz dS , where S is defined by 

2( , ) sin cosu v u u v z u v   r i j k , 0 1u  , 0
2

v


  .   

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



15.6.4 

Example 3: Evaluate the surface integral 
S

y dS , where S is the portion of the paraboloid 

2 2y x z   that lies inside the cylinder 2 2 4x z  .   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



15.6.5 

Oriented surfaces:  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
For an orientable surface defined by ( , )z g x y , we write ( , , ) ( , )G x y z z g x y  . Then, the 
surface can be oriented by either of these two normal vectors:  
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For an orientable surface defined parametrically by by ( , ) ( , ) ( , ) ( , )u v x u v y u v z u v  r i j k , the 
surface can be oriented by either of these two normal vectors:  
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Surface integrals of vector fields:  
 
 
 
 
 
 
 
 
 
 
 
 
 

Definition: Orientable 
 
A surface S is called orientable when a unit normal vector N can be defined at every 
nonboundary point of S in such a way that the normal vectors vary continuously over the 
surface S.  
 
When we orient a surface, we choose one of the two possible unit normal vectors at a point, 
and then all the other normal vectors are selected so they vary continuously over the surface. In 
order to be orientable, the surface must have two distinct sides. For a closed surface (or a 
surface in which one side can be considered the “outside” and the other the “inside”, it is 
customary to choose the unit normal vector that points outward.  
 

Definition: Flux 
 
If F is a continuous vector field defined on an oriented surface S with unit normal vector 
N, then the surface integral of F over S is 
 

 
S

dSF N .  

 
This is also called the flux of F across S.   



15.6.6 

 
 
 
 
 
 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Theorem: Evaluating a Flux Integral 
 
Let S be an oriented surface given by ( , )z g x y  and let R be its projection onto the 
xy-plane. Then,  
 

 
S

dSF N  =  ( , ) ( , )x y

R

g x y g x y dA     F i j k     (oriented upward) 

 

and  
S

dSF N  =  ( , ) ( , )x y

R

g x y g x y dA    F i j k       (oriented downward).  

 
If an oriented surface S is given by ( , ) ( , ) ( , ) ( , )u v x u v y u v z u v  r i j k , defined on 
a domain D in the uv-plane, then  
 

 ( )u v

S D

dS dA    F N F r r .  



15.6.7 

Example 4: Find the flux of ( , , )x y z xy yz xz  F i j k  across the upward oriented portion of 

the paraboloid 2 24z x y    that lies above the square 0 1x  , 0 1y  .   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



15.6.8 

Example 5: Find the flux of 2( , , )x y z y x z  F i j k  across the upward oriented helicoid 
defined by ( , ) cos sinu v u v u v v  r i j k , 0 1u  , 0 v   .   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



15.6.9 

Example 6: Find the outward flux of ( , , ) 2 3x y z x y z  F i j k  across the cube with vertices 
( 1, 1, 1)   .   
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 



15.6.10 

Summary:  
 
Line Integrals:  
 

2 2 2'( ) [ '( )] [ '( )] [ '( )]ds t dt x t y t z t dt   r   

 
2 2 2( , , ) ( ( ), ( ), ( )) [ '( )] [ '( )] [ '( )]

b

C a
f x y z ds f x t y t z t x t y t z t dt              (scalar-valued function) 

 

 ( ), ( ), ( ) '( )
b

C C a
d ds x t y t z t t dt      F r F T F r               (vector field) 

 
 
 
 
Surface Integrals: (surface defined by ( , )z g x y )   
 

2 21 [ ( , )] [ ( , )]x ydS g x y g x y dA     

 

  2 2( , , ) , , ( , ) 1 [ ( , )] [ ( , )]x y

S R

f x y z dS f x y g x y g x y g x y dA              (scalar-valued function) 

 

( , ) ( , )x y

S R

dS g x y g x y dA        F N F i j k                (vector field) 

 
 
 
 
Surface Integrals: (surface defined by parametrically by ( , ) ( , ) ( , ) ( , )u v x u v y u v z u v  r i j k )   
 

( , ) ( , )u vdS u v u v dA r r   

 

( , , ) ( ( , ), ( , ), ( , )) u v

S D

f x y z dS f x u v y u v z u v dA   r r                     (scalar-valued function) 

 

( )u v

S D

dS dA    F N F r r                           (vector field) 

 


