3.2.1

3.2: Measures of Dispersion

The mean, median, and mode can describe the “middle” of a data set, but none of them can
describe how “spread out” the data is.

Range:

The range for ungrouped data is the difference between the largest and smallest values.
The range for grouped data (a frequency distribution) is the difference between the upper
boundary of the highest class and the lower boundary of the lowest class.

In other words,

Range = Maximum — Minimum .

—
Example 1: Find the range. (\zm\q,o. = \-% — 0O -(D\

Commute Times
0.3 0.7 0.2 0.5 0.7 1.2 1.1 0.6
0.6 0.2 1.1 1.1 0.9 0.2 0.4 1.0
1.2 0.9 0.8 0.4 0.6 1.1 0.7 1.2
0.5 1.3 0.7 0.6 1.1 0.8 0.4 0.8

Example 2: Consider these data sets. POA(( aﬂ 6‘0‘”"&'\/\).1\( W

A=18,9,9,10,10,10,10,11,11,12}, B ={8,8,8,8,9,11,12,12,12,12}
C =1{8.8,9,9,10,10,11,11,12,12}
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While the range is useful, it is dependent only on the extreme values of the data set. It doesn’t
tell you whether most of the data points are close to the mean, far from the mean, or evenly

distributed. We need something else.

Deviation of a data point:

The deviation of a data point is the difference (i.e., the signed distance) between the data point

and the mean. /

&
In other words, the deviation of the ith data point, X, is X, — x. (o

(Note that the deviation is positive if X, > x ; the deviation is negative if X, <z .)

Let’s average the deviations for a data set.
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Variance of a population:

\1

Variance of a population:

given by
O/Mu 51 2 Zin=1 (% _'u)z
=Xk = n ’
(Le oW o -
o %)_v In other words, the variance is the average (mean) of the squared deviations.

Alternative formula for the population variance:
(sometimes known as the computational formula or shortcut formula)
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If X,,X,,...,X, is a population with mean g, then the population variance & is
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Example 4: Hs&the&kemalh&-ésheﬁeuﬂ-fer—mt&a—te}%ld the variance of the . e
population A ={12,13,7,5,9} . o J sigma > H 4
o p |
2| Y292 = g \ OBy - .04 T Ak B
3 |92 — 2g \@F - W& \orionte = 5
4 |q-92 . -2 |62 = w8t
5 | 6-92 - _ x| AR T e = (8. 96

2 -
‘9 9,_._9,” :’Oal C"’D'A - 0.0

Degrees of freedom: Sum = JcAc.,%

The quantity known as degrees of freedom is the number of scores (data points) in a dataset that
are free to vary in the presence of a statistical estimate.

If a sample has n data points and the sample mean X is specified, then n—1 of the data points
can theoretically be anything; the nth data point is forced to be take on whatever value results in
the specified mean X . In other words, the first n—1 of the data points are free to vary; the nth
data point is not free to vary.

Example S:  Suppose a sample has 5 data points and a mean of 159. Suppose also that the first
four data points are 37, 203, 122, and 303. Calculate the fifth data point. ®= misoe ,ca N asz.Q

x = \59
2 T X

= \59

21« LoD & \LL +» D9

\&‘&A‘.Q )
P Ayl S S - 5 (159) -GS
gt traadom (eGS % (SS9 - 1954
o Ak /7)— = z
6/\ Variance of a sample: LeH AN = SGS 93 =
2o When we calculate the variance of a sample (not the whole population), we have no way to

calculate the population mean. Therefore, we must use the sample mean (denoted X ) as an
estimate of the population mean (denoted 1 ). Thus, in a sample of n data points, there are n—1

degrees of freedom.

When calculating the variance for a sample (not the entire population), we divide by n—1 (the
degrees of freedom) instead of n. Dividing by n would underestimate the variance, because the
points in the sample will be less spread out than those in the population. Using the degrees of
freedom, Nn—1, in the denominator provides an unbiased estimate of the population variance.
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Variance of a sample:

X is oi - o WAL oL,
X is given by /— g == M\,_,_,Q_,_

S = Zi:l (x =%) )

n-1

Alternative formula for the sample variance:
(sometimes known as the computational formula or shortcut formula)

52 ¢ -2

The sample variance s> of a set of n sample measurements X, X,.,..., X, with mean

Example 6: Calculate the variance of this sample: {75, 16, 50, 88, 79, 95, 80}
A5 x L « S50 « 688 *13*_3%‘\@ ~ (93
X = “1 ~

2 2
(05 -G3) « (-6~ (o0 -6I) .-
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Standard deviation:
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By squaring the deviations, we’ve changed the units (if there are any). In other words, if we
started with “inches”, we now have “square inches”. This is easily fixed by taking square roots.
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Standard Deviation:

The sample standard deviation s of a set of n sample measurements X, X,.,..., X,
with mean X is given by

Zin=1 (% _7)2

n-1

S =

If X, X,,...,X, is the whole population with mean g, then the population standard
deviation o is given by

o /Zi:l (X% — ) ‘
n

Example 7: Given the following data sample, calculate the standard deviation to two decimal

places.
£70, 39, 54, 84, 68, 93, 75}
ox29 % DA < DA™ D 19«5 4% 9
-— _ — - 4
Ll g
2 o (9951’ (s G.SBC
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Nowdard QuteFion = Y AF

IMPORTANT:

Standard Deviation = \/ Variance

(Standard De:viatiom)2 — Variance
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The Empirical Rule:
M"

The Empirical Rule:
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If a distribution is roughly bell-shaped, then

C

t—

a) About 68% of the data lie within one standard deviation of the mean.
&7 w\ e sa the :M&Awuo.o\ E}A__o—-) )/\—-\ o"—& N [:;Z Ay % *Jg\

b) About 95% of the data lie within two standard deviations of the mean.
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c) About 99.7% of the data lie within three standard deviations of the mean.
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Example 8: Suppose a data set has mean 60 and standard deviation 8, and has a bell-shaped
c——

distribution. Use the Empirical Rule to describe the data set. v
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3.2.7

These 120 numbers were randomly generated from a normal distribution with mean 60 and
standard deviation 8 (same mean and standard deviation as previous example).

(Used Data Analysis ToolPak in Excel) e -
N -\ AR [9%
39.37935 54.76075) 57.07606 60.01561 63.73369 70.43123 f),@ KL
42.5313 54,76757/1 57.09698 60.22494 63.89758 66.424360) 70.43984 0\00
51.306391/54.771361 57.31554 60.33393 64.10566 66.62665() 70.74113 '
51.5626(1/54.90775 57.38407 60.57791 64.31159 66.63873] 71.55004
45.801551 51.7845501/55.13357.) 57.41827 60.90368 64.40457 66.794561) 71.58136
45.91251:(52.1789611 55.456671 57.51028 61.05229 64.46238 66.79544[) 73.04499
46.06014 | 52.48137) 55.60325/1 57.59814 61.07882 64.71196 66.89606() 73.29165
46.47654 55.80064 1 58.07242 61.10972 64.76593 66.92538() 73.86506
47.10082 55.80064 1 58.12655 61.70779 64.94325 66.99687(174.82269 O_-f *
47.52886 55.89434(1 58.51074 61.95406 65.10725 67.21753(75.07877 % J @
47.82743 56.3731101 59.06982 62.43132 65.40111 ) 75.35132 a\Do 4 b
48.44651 56.568061 1 59.31772 62.58109 65.53095| 68.88851
49.0252 56.76762 59.32386 63.5538 65.55196\ 69.5868 :
49.76189 56.9494101 59.74017 63.62961 65.6906 | 69.905567177.64551

490.77853 57.038081 50.79588 63.65133 66.06089 ) 70.21179

How many data pqiqts are within 1 standard deviation of the rrlgan? PR VI VA Y-SQ) A 61
Thus, how many lie in interval [52, 68]?  \, , ~20 =20 = BO { o
Compaye Yo %%

20 0.6k, %o 66 1%, oad
\20 7o dicled \;5 LRI

How many data points arc within 2 standard deviations of the mean? i . MQ.

Thus, how many lic in interval [44, 76]2  \20 - 3-%= \\4 dades PO vz in Taa, 6\,

80 (.666666667

114 095 WA _0.95, so 9B% . Exadly mudes Ty
' o 9%, pradwha \y W
How many data points are within 3 standard deviations of the mean? m‘a?n‘u&\

Thus, how many lie in interval [36, 84]?7

\,“OW‘Q.. o wﬂm’a&a
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¢ L 53.20456 1 5531404 57.37955 61.43636 63.3329 67.79641 ‘ﬁ\_ O3S
54,25092:1 55.90412 58.99277 61.91373 63.39574 \ v \w-"“”'
So\h 50.54246' | 54.41687 56.48669 1 59.10063 62.14886 63.61741 a..\Do
n. 51.77200 ) 54.42467 | 56.64306/1 59.74812 62.52829 63.79043 | 68.23415
6 54.87849 56.84053 1 60.00459 62.58302 63.93691 | 70.72309 \ab\-lﬂ 6/{.
55 . 54.9144911 57.000221 60.59386 63.15417 66.44211/ 73.3014 \oSes
\ 9@ v — BT 4814 X
@p How many data points are within 1 standard deviation of the mean?
L 0
Thus, how many lie in ;::ir;aj‘[;i, 2.80].?0= e Sie A ‘_6'11 [,%-&. &D é% %
o
40 0.80000 40, - 0.8, S0 Bop]o ’ COW\\° . fach \03 L.Z\M\._,}ffcnn
90 o' 2l

&

C

This time, I only generated 50 random numbers:

53.07996

54.94143(1 57.29676 60.95421 63.16013 66.48368

How many data points arc within 2 standard deviations of the mecan?
s, p,
Thus, how many lie in uét;rfa\lfé!\t 72]% ¢ ok Jte T ‘,‘H ,‘1(01.
48 0.96000 £ 9%, Cew
%o_' = 0.96 5 % v oy et
How many data points are within 3 standard deviations of the mean?
Thus, how many lie in interval [36, 84]? Ao i A ‘}(o.%;\_& )
go -\ = ACS To W

49 0.98000

15’9" = O L ‘9% )
L7/

Some screen shots of the process:

— Number of Variables:

Anova: Two-Factor Without Replication | Number of Random Numbers: ISU | l Cancel l i
Correlation )
Covariance — "} Distribution: N | |
Dascriptive Statistics i I Sl IE] [_&LI
Exponential Smoothing | Parameters ;
F-Test Two-Sample for Variances

Fourier Analysis Mean =

Fouier A

Moving Average Standard deviation =

[Random Number Generation s -

Random Seed:
| Qutput options _

(@) Qutput Range: §A5304
(O New Workshest Ply: _I

R

7 prad
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One more time, this time with 300 random numbers:
38.84326 50.86698 /54.68468/ 1 57.27472 60.58405 63.20981 66.17321 70'96541\\
4221232 | 51266521 | 54.7288601 57.33431 60.58834 63.21181 66.19631"| 70.96854 .lll
4/2.&80_8]/ 51.34825] 54.7455811 57.35177 60,6086 63.30223 66.33855 ;70.97636
44.728861 51.37784 (| 54.84689 1 57.62502 60.67183 63.30689 66.6846 71.418
1450070911 51.41931| 54.935441 57.91578 60.68043 63.31289 66.925381 71.52752
I’. 45.228111 51.52729 | 55.1276711 57.92022 60.77998 63.36297 66.99418 71.54829
o‘-‘Q |45.745021 51.70324155.135771 57.92149 60.85565 63.39708 67.013041 71.92155
51.7513155.191611) 57.93034 60.94435 63.41921 67.027431 72.24118
.-'I 46.00391 51.95887:1155.21724/1 58.01314 61.00847 63.58963 67.027431 72.57955
I.-f 46.27296 /55362091 58.17746 61.06586 63.63978 67.028321 72.71404
| 46.51216:/52.16414(1 55.36352/ 1 58.24773 61.08006 63.6826 67.115167) 72.97609
46.65451 | 52 200651 55.40834 1 58.47087 61.13753 63.72347 67.230431] 74.75848
47.0421/] 52.21638/ 1 55.63099 1 58.49703 61.15298 63.82608 67.43723') 74.97872
47.38029 | 52.25753 | 55.6459 1 58.51696 61.20619 63.95696 67.51395] 75.81204
47.46869 | 52.35761 55.68063 ) 58.67048 61.23158 64.05129 67.52156.175.90372
47.58631 | 52.51833 1 55.69762 1 58.8773 61.24397 64.10915 67.68499 76.259
47.64513 ! 52.5372711 55.74422 1 58.96932 61.40466 64.21565 67.68694 )/77.11451
47.77654 | 52.56936/ 1 55.77662 1 59.0495 61.45752 64.21987 ﬁBTJ'S-‘IZB 79.49171
47.80597 | 52.57680 1 55.8447 1 59.20525 61.56655 64.37114 |68.29572(| 80.17856
48.32714| 52.85754 1 55.91388 1 59.22862 61.61336 64.47955 | 68.3747! 81.70971
4842039 } 5200481 55.92015 1 59.33492 61.72031 64.66111 | 68.4129
48.76869 | 53.05322 55089 1 59.39263 61.90177 64.71051 | 68.54488 l
48.8517 | 53.26581/ 56.00426/1 59.43375 61.96163 64.76666 |68.67374
48.92874 ' 53.56296 1 56.12376 1 59.49447 61.96414 64.826 | 68.67927 \
4912779 53.7855/1 56.20271/1 59.52606 62.05953 64.83261 | 68.87397
49.345631 53.8144211 56.24719/1 59.67464 62.1406 64.93807 | 69.37314
49.4033/) 53.85067 ' 56.26084 1 59.71445 62.17298 64.94917 | 69.38531
49.56304/ 53.90153 1 56.2642511 59.72853 62.17488 65.08102 | 69.42562
49.7271111 53.00808/ 1 56.3038/1 59.72914 62.36156 65.14934 | 69.49211
49.76327 | 54.142641 1 56.47927(1 59.74996 62.38202 65.22106 169.54926
49.9019 |1 54.20486 1 56.50083 1 59.88402 62.46146 6528407 |69.62202
49.90597/| 54.20726 | 56.57476 1 59.96481 62.46275 65.39265 |62.70709
49.90734 | 54.36443 1 56.64639/ 60.21147 62.47109 65.39341 | 69.78032
49.99756 | 54.36757 1 56.67377160.21637 62.5985 65.42419 169.79844
50.10628( | 54.37463(1 56.73572(1 60.24942 62.73436 65.52473 /69.88977
50.14039 54,5551 56.831931 60.34252 62.75838 65.6011 69.93328
50.23903 t 54 555771 56.88044 1 60.39458 62.81691 65.64185 69.97974 }
50.24676 | 54.58043 | 56.94217 1 60.48836 62.86384 65.64969 | 70.0629 {
50.33877 | 54.59967 1 57.00134(1 60.49266 62.95471 65.73562 1 70.68564
50.57683 €.66558 57.098951 60.50614 63.09341 65.8365:4"_ 70.76531

O

-
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3.2.10

How many data points are within 1 standard deviation of the mean? &8]
Thus, how many lic in interval [52, 6817 _ 451 gauks ana in 152, &OJ.
206 - 50~ X3 ° v Compus 9o
g0 63% - P

ool
“ s 200 0-639, 2% i,mo\:ukd\ \oy

L E_\M(JTF? eall 2’-‘-0-0-
Thus, how many lie in mter‘\;&z‘}i&;f]s;? _ oo Lo oo i~ WAA ,’Wl-&.
. 91,37, Ce"ﬂ\aalu-
48 000 2.9% -1-%3 b e . o, _
£2= 2 0.0 ! : \o va‘p-
How many data points are within 3 standard deviations of the mean?
Thus, how many lic in interval [36, 8417 Hews, art \wisw 3@y vom @t doswe B4

wd
49>ng00 S0 \oth o 3?90 m&ﬁ;an}?h Coa:;deL :;W&;
2, Sodad WS 99,19, (,MA:AJS %\Emrhneo

You shouldn’t expect that any sample will match the Empirical Rule exactly. However, it should ? Q )
be close, especially with a large sample. ‘

How many data points are within 2 standard deviations of the mean?

Example 9: The mean value from a sample of used cars is $2400, with a standard deviation of
$450. Between what two values should about 95% of the data lic? Assume the data is

approximately bell-shaped. g 1400 L4
2
SMan Qi dws, T o0&

9507(, \.Q.i'd
R A Jdm AP0 ¥ Q.Lk"vo) = DB00
A - Wd= VA0 ~2(450)= oo
&7 ,D\,,e,,_n& Mo wn Yba tdeyvald L\%w,aaao__\,
S \phooen S 1000 ad & 3300,

05% "v\"b"&d S

Chebyshev’s Inequality:

For any data set or distribution, at least [1 —7‘1?)*]00% of the data points

lie within & standard deviations of the mean, where k is any number greater

than 1.
#\ Note: Chebyshev’s Inequality is true even when the distribution is not bell-
shaped.
A
. r
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3.2.11
What does Chebyshev’s Inequality tell us for k=1, k=2,k=3,k=47 \ ﬁ\vncl dard

wr =\ ok e (_\-— 3@3: D Sie w Pin

gk

(\Ao\ Ny 0w A
5 ae (o) (203275 o

densedto
G.'N‘ \n-"’ r)‘ )

A X2 =
v (=) Ve
for =Xy a.ir ﬁn;-l u,(‘\w: A Shandead Jenedtars & Vo wean,

Example 10; Suppose the mean time for women’s 200 meter track athletes is 57.07 seconds
with a standard deviation of 1.05. The shape of the data distribution is unknown. Find the

interval that contains at least 75% of the data.
%— _Qﬂ.a-‘v+ 16670 o'e %‘“ A‘Aﬂ
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