1.3: Evaluating Limits Analytically

Some basic limits:

Example 1: Determine limx.
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Example 2: Determine limc.
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Laws (or properties) of limits:

1.3.2

Limit Laws:

Suppose that the limits IXLrQ f (x) and IX'EJ g(x) exist. Then
LAim[ T (x)+g(x)]=1lim T (x) +1im g(x)

2. im[ £ (x) =g ()] = 1im f (x) ~lim g(x)

3. Ixiir;[cf X)]=c leiral f (x) if c is a constant

4. im[ £ (x)g ()] =lim f(x)-limg(x)

(X lim f (x) o
5. lim = 224 if img(x)=0
x—>a g(x) |X|_|:2 g(x) x—>a

6. lim[ f ()]"" =[lim f (x)]"", if n and p are integers with no common factor, p =0, and

provided that [lim f (x)]"" is a real number.

Combining the facts that limc=c, limx =a, and the limit laws shows that limx" =a" where nis a

X—>a X—>a X—a

positive integer. This lets us use direct substitution for evaluating limits of polynomials.

Direct Substitution Property:

If f is a polynomial or a rational function and a is in the domain of f, then lim f(x) = f(a).

ExamQIeB Determine I|m(4x —2x+1).
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Example 4:  Determine Iimw.
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Example 5: Determine lim3/4x—x* .
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Limit Law #6 (used in the previous example) is a special case of the following theorem:

Limit of a Composite Function

If f and g are functions such that limg(x) =L and Iirrg f(x)=f(L)

lim () = F (limg(x)) = f (L)
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Example 6: Determine lim X +x=20
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Example 7:  Determine lim XXJ;32_1. Oir JJ( g\,&oﬁm
Inc> -\ -
o s s, &
.\/\__3 -~ /\{\ -~ -~ —2 XL O
. SEm = &W wdidmiode
A Mo wa U
= - ) A« ES <\ —
K — AN K- | (o _\3 Lov(\,b
. NxD =) Xim gt = or =l

WA

R BTN NPV S [EEIC

\ AR
Dim \ ——— 7 o« T4
= ) = = -« \




134

Example 8: Determine Iinngg'.
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Limits of trigonometric functions:

These can also be evaluated through direct substitution, thanks to the two limits below, along with the

limit laws. oy ~o) -
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Example 9: Determine limtan x.
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Example 10: Determine Iirr)[ms;(T_;;;X T)zM o~
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The Squeeze (or Sandwich or Pinching) Theorem:
a (%N

If limg(x)=Ilimh(x)=L, then

e A f=\

X =a

If g(x) < f(x) <h(x) forall x in some open interval containing reares-except possibly atyitself.
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Example 11: Use the Squeeze Theorem to show that lemﬂ=1. 9 O
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1.3.6
Two important limits:

Note: This means that Iim(—_x ):1, |im(C°3X—1)
x>0 sIn X

x—0 X

=0, and lim X does not exist.
x>0\ 1—cos X
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Example 13: I|m COSX
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Example 12: lim O(cosxtan X)
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Example 14: i m(M)
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1.3.7
Example 15: “ng(sm7()3(x))
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Example 16: lim———= I
x=0 sin(2x)
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