3.3.1
3.3: Chebyshev’s Rule and the Empirical Rule

Chebyshev’s Rule (Chebyshev’s Inequality):

For any data set or distribution, at least I_F of the data points lie within k standard

deviations of the mean, where K is any number greater than 1.
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(In other words, at least 1_F0f the observations lie in the interval [X —ks, X +ks]. e J
deueduw
Note: Chebyshev’s Inequality is true even when the distribution is not bell-shaped. Gor a
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Example 1: What does Chebyshev’s Inequality tell us for k =1, k=2,k=3.k=4?
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(”’& Example 1: Suppose the mean time for women’s 200 meter track athletes is 57.07 seconds
with a standard deviation of 1.05. The shape of the data distribution is unknown. Find the

99' interval that contains at least 75% of the data.
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Example 2: Suppose a data set includes 120 observations. At least how many observations lie
within three standard deviations of the mean? Qu q):'_‘lg\r\‘m 2,
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Example 3: Suppose a data set includes 68 observations and has mean 55 and standard
deviation 7.5. At least how many observations lie between 40 and 70?
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The Empirical Rule:
GAQ\&G‘bM ahe Empirical Rule:
(o Jasr -.»33
¢ & ,ﬁm ’g\""\ If a distribution is roughly bell-shaped, then

a) About 68% of the data lie within one standard deviation of the mean.

\5 & Juest b) About 95% of the data lie within two standard deviations of the mean.
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Example 4: Suppose a data set has mean 60 and standard deviation 8, and has a bell-shaped
distribution. Use the Empirical Rule to describe the data set.
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These 120 numbers were randomly generated from a normal distribution with mean 60 and Ndk(.a.%
standard deviation 8 (same mean and standard deviation as previous example). \ RTINS ol S wALodh
(Used Data Analysis ToolPak in Excel) (_.Dg \ =W

70.43123
70.43984
70.74113
71.55004
71.58136
73.04499
73.29165
73.86506

54.76075 57.07606 60.01561 63.73369 66.06171
54.76757 57.09698 60.22494 63.89758 66.42436
54.77136 57.31554 60.33393 64.10566 66.62665
51.5626 | 54.90775 57.38407 60.57791 64.31159 66.63873
45.80155 51.784 55.13357 57.41827 60.90368 64.40457 66.79456
45.91251 | 52.17896  55.4566 57.51029 61.05229 64.46238 66.79544
46.06014 | 52.4813 55.60325 57.59814 61.07882 64.71196 66.89606
46.47654 (152.61447 55.80964 58.07242 61.10972 64.76593 66.92538
47.10082 \52.71231 55.80964 58.12655 61.70779 64.94325 66.99687| 74.82269
47.52886 | 53.2221 55.89434 58.51074 61.95406 65.10725 67.21753( 75.07877
47.82743 |53.28063 56.37311 59.06982 62.43132 65.40111 (68.76018 75.35132
48.44651 [53.43097 56.56806 59.31772 62.58109 65.53095 |68.88951 75.7777
49.0252 \53.81194 56.76762 59.32386  63.5538 65.55196 77.55601

39.37935

42.5313
43.05655
45.22471

0.39057
51.07409
51.30639

49.76189 54.10818 56.94941 59.74017 63.62961 65.6906 77.64551
49.77853 54.47837 57.03808 59.79588 63.65133 66.06089 79.00524
How many data points are within 1 standard deviation of the mean?
Thus, how many lie in interval [52, 68]? 51\ b
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How many data points are within 2 standard deviations of the mean? \?ECY‘\ "\w_ e (o b
Thus, how many lie in interval [44, 76]? com®

= rpirtea)
W Lok G T s~ TA& 6| %o \V20-G= W wv\: ~
™ N - 9,599 (Ca 57 Sa e 24tk 45 =% Q“::N ‘:jij

How many y data points are within 3 standald deviations of the mean? —L S
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Thus, how many lie in interval [36, 84] . Vo) D of
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This time, I only generated 50 random numbers: // (0% ©
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53.07996 54.94143 57.29676 60.95421 63.16013 66.48368
53.20456 55.31494 57.37955 61.43636 63.3329 67.79641
54.25092 55.90412 58.99277 61.91373 63.39574 67.85567
50.54246 | 54.41687 56.486639 59.10063 62.14886 63.61741 (68.12883
Silid 72, 54.42467 56.64306 59.74812 62.52829 63.79043 |68.23415
52.06366 54.87849 56.84053 60.00459 62.58302 63.93691 | 70.72309

53.05055 54.91449 57.00922 60.59386 63.15417 66.44211 ) 73.3014
L‘\ 87.41814
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How many data points are within 1 standard deviation of the mean? \ \ (.3\* Kiwes b
Thus, how many lie in interval [52, 68]?
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How many data points are within 2 standard deviations of the mean®

44.16628
47.40146

Thus, how many lie in interval [44, 76]? -
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How many data points are within 3 standard deviations of the mean? \ ]Z\N\?\‘ S
Thus, how many lie in interval [36, 84]?
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Some screen shots of the process:

Mumber of Variables:

Analysiz Tools

Anova: Two-Factor Without Replication e
Correlation |  cancal
Covariance ,
Descriptive Statistics [
Exponential Smoothing | ﬂ_e_b
F-Test Two-Sample for Variances
Fourier Analysis

Mumber of Random Mumbers:

Distribution: [ Normat Gl || Help

Parameters

Mean =

Histogram =
Moving Average Standard deviation = 8
Random Mumber Generation v

Random Seed:

Output options
(@) Qutput Range: |$AS304 |
() New Worksheet Ply:

() New Workbook
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One more time, this time with 300 random numbers:

38.84326
4221232
42 98081
44 72885
45.00708

452281
45 74502
4577783

45.0039
4527295
4651216
4565451

47.0421
4738029
47 456869
47 58631
47 584513
4777654
47 80597
4552714
48.42039

4B8.76865

48 8517
4892874
4912779
4934563

434033
49.56304
4972711
4375327

459019
4990597
4390734
45.99756
50.10628
50.14038
50.23903
5024676
50.33877
5057683

50.B6698
51.26652
51.34825
51537784

51.4193
51.52729
5170324

51.7513
5195887

51949328 I

52.18414
52.20065
52.21638
5225753
5235761
52.51835
5253727
52.56936
52.57689

52 B5754
5290481
53.05322
53.26581
53.56296
53.7855
53.81442
53.8B5067
53.90153
53.90808
5414254
54 20485
54.20726
54 5384435
5436757
54.37463
54555
54 55577
54.58043
54.55967
2466558
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34 68468
34 72EBG
34.74558
34 B46ES
3453544
55.12767
5513577
53519161
55.21724
5536209
35.36352
55.40834
535.63099
55.6458
55 68063
55.69762
5574422
5577662
55.8447
55513588
535592015
55.989
5600426
3612376
56.20271
56.2471%
3626084
5626425
56.3038
5647927
56 50083
56.57476
56 64633
3667377
56.73572
5683193
3688944
3654217
57.00134
57 09895

37.27472
5733431
57.35177
37.62502
5791578
57.92022
5752145
37.93034
58.01314
58.17746
3B8.24773
58.47087
58.45703
3B.516%6
5B.67048

58.8773
58965932

590455
59.20525
59 22862
539.33452
59.39263
5343375
39.48447
59.526596
39.67464
3871445
5872853
59.72514
559 745956
50 88402
59.96481
6021147
6021637
60.24542
0034252
60.32458
e0.48836
B0.43266
6050614

6058405
6058834

00.6086
60.671E3
60.68043
0. 77958
6085365
6094435
61.00847
61 06386
61.08006
61.13753
61.152%8
61.2061%
61.23158
01.24357
6140466
6145752
61.56655
6161336
61.72031
61.90177
6196163
61.96414
6205953

62.1406
6217188
6217488
0236156
6238202
6246146
6246275
6247105

625985
6273436
02 75838
62.81691
62 86384
0295471
63.09341

6320981
6321181
03.30223
68330689
63.31289
03.36297
B83.39709
6341921
683.58963
63.63978
63.6826
B83.72347
B83.82008
63956586
8405129
£4.10915
84 21565
64 21987
84.37114
6447355
6466111
64.71051
6476666
64 826
B84.83261 {
84.93807
64.94917
65 08102
08514934
65 22106
65 28407
65.39265
6539341
6542419
685.52473
65.6011
6564185
6564569
B65.73562

Eﬁ.lHﬁ\
56.19631

B06.33855

B86.6345
6692538
0699418
67.01304
67.02743
6702743
6702832

67.11516
B7.23043
6743723
67.51395
67.52156

E67.68499
6768694 j
68.05128

6B.29572

683747

684129
68.54488
68.67374
68.57927
BB.97397
6937314
89.38531
69.42562
£9.49211
89.54926
89.52202
8970705
8978032
B9.79544
6988977
0993328
69.97374

700629
70.68564

65 83657
_/

7076531

7096541
7096854
7097636

71418
71.52752
71.54829
7152155
7224118
72.57955
7271404
7297609
7475848
7497872
75.B1204
7590372
76.259
7711451
7949171
B0.17856
B1.70971
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3.3.6

How many data points are within 1 standard deviation of the mean?
Thus, how many lie in interval [52, 68]?
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How many data points are within 2 standard deviations of the mean?
Thus, how many lie in interval [44, 76]?
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How many data points are within 3 standard deviations of the mean? "\

Thus, how many lie in interval [36, 84]?
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You shouldn’t expect that any sample will match the Empirical Rule exactly. However, it should
be close, especially with a large sample.

Example 5: The mean value from a sample of used cars is $2400, with a standard deviation of
$450. Between what two values should about 95% of the data lie? Assume the data is

approximately bell-shaped.
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A B C D E A B C D E
1 X x-mean  (x-mean)’2 1 X X-mean (x-mean)”2
2 52 -18.125 328.515625 2 52 =B2-B$13 =C272
3 38 -32.125 1032.015625 3 38 =B3-B$13 =C372
4 29 -41.125 1691.265625 4 29 =B4-B513 =C472
5 74 3.875 15.015625 5 74 =B5-B$13 =C5"2
6 57 -13.125 172.265625 6 57 =B6-B$13 =C6”2
7 92  21.875 478.515625 7 92 =B7-B$13 =C7"2
8 105  34.875 1216.265625 8 105 =B8-B$13 =C8"2
9 114  43.875 1925.015625 9 114 =B9-B$13 =C9"2
10 10
11 |Sum 561 6858.875 11 Sum =SUM(B2:B9) =SUM(D2:D9)
12 'Mean 70.125 Variance 979.8392857 12 Mean =B11/8 Variance  =D11/7
13 70.125 StDev 31.30238466 31.30238 13 =AVERAGE(B2:B9) StDev =SQRT(D12) =SQRT(D12)
14 31.30238466 14 =STDEV(B2:B9)
15 |Count 8 15 Count =COUNT(B2:B9)
16 16



