6.2: The Simplex Method: Maximization
(with problem constraints of the form <)

The graphical method works well for solving optimization problems with only two decision
variables and relatively few constraints. However. it 1s unmanageable or impossible to use if
there are more decision variables or many constraints.

To solve these, we will use an algebraic method called the simplex method, which was developed
in 1947 by George Dantzig. Small problems can be done by hand. and computers can use the
method to solve problems with thousands of variables and constraints.

Before using the simplex method. we will need to learn some new vocabulary and make some
modifications to our mathematical models.

Example 1:  This 1s the mathematical model used to solve and example from the previous
section on the graphical method (the tables and chairs).

Maximize P =90x, + 25x,

subject to 8x; + 2x, <400,
2x +x, =120
x =0

x, =20

This 1s an example of a standard maximization problem. It has a linear objective function along
with constraints mvolving < ¢, where ¢ 1s a positive constant. It also has nonnegative constraints
for all the decision variables.

Standard Maximization Problem 1n Standard Form

A linear programming problem is said to be a standard maximization problem in
standard form if its mathematical model 1s of the following form:

Maximize P=¢x, +¢,X, +...+¢,X,
subject to problem constraints of the form
ax, +a,x,+...+ax <b with b=0

and nonnegative constramts X,.X,.....: x =0.
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We will use the simplex method to sobve standard maxinization problems in standard form

The simplex method uses matrices to solve optimization problems. So, the constraint
mequalities nmst be converted into equations before putting them into a matrix. Thas is done by
the use of slack variables.
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Be sure to melude the slack variables in the nonnegative constraints as well. If they are negative,
the constraimts are violated.

Mext, rewrite the objective finction with all variables on one side. making sure that the quantity
F is positive.
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We generate an augmented matrix for the imtial system. This matnx is called @
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The bottom row of the tablean always comresponds to the objective fonction. The numbers in the
bottom row except for the two on the far right are called indicators. Above each colummn, we list
each variable used in the system

The Pivot:
To begin the simplex method, we perform a pivot operation.

First. we choose the pivof columm. Our choice 15 determuned by the indicators on the bottom row
{the objective function row). If there are any negative nombers, we choose the “most negative”™
of these_ The corresponding columm is called the pivot column.
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Next, we choose the pivot row. For each ngmqa\gi:e enfry in the prvot colunm, we drvide the

value in the rightmost by the conresponding sessesstzve value i the pivot column. Do this in
each row except for the bottom row. gos i

Lock for the smallest of these quotients that is positive. The row with the smallest quotient 13
called the pivat row. The element at the intersection of the pivot row and the pivot colummn 13
called the pivat or piver element. We circle this element for easy recogmition.



Pivot:
Use row operations to put a 1 in the position of the pivot element and 0°s elsewhere in the
pivot colummn.

To do fhus, we nmltiply the pivot row by the reciprocal of the pivot element. This will change the
prvot element to a 1. Then we add nmltiples of the prvot row to all the other rows in order to
change all other elements in the pivot column to 0.

Important Note: Never exchange rows when doing the simplex method! > AL\ wor/ \c
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This completes the pivot operation. We repeat the process, each tume choosing a new prvot
element. as long as there are negative numbers on the bottom row.
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Since there are no negative numbers in the b-c:-th:}m row, we stop. This final simplex fablaau ¢
represents the optimal solotion.
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The vanables comresponding to the columns that lock like columns of an identity matrix (a 1 in
cne entry and 0°s elsewhere) are called basic variables. The vanables comresponding to the other
colenms are called nonbasic variables. The sclution represented by the simplex tablean is
cbtained by setting the nonbasic vanables equal to 0.
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S0, we have obtained the same suluh-:uu as we did using the gecometric method.

Motes:
& [If there are no positive nembers in the pivot column then we cannot perform a pivot
operation and we conclude that there is no optimal solotion.

* [Ifthere is a tie for the “most negative™ value in the bottom row, choose etther cohumn
to be the pivot column. Unless there turns out to be no optimal solition, there will be

nmltiple values of the variable that give the same maxinmm

# [Ifthere is a tie for the smallest quotient when determining the pivot row, choose
erther row.

# The pivot element is always positive and is never in the bottom row.



Example 2: Use the simplex method to solve the following linear programming problem.

Maximize P=20x +10x,

subjectto x,+x, 5. Ny KA =5
Sx,+x, <0 S~V Aoy =9
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Example 3: Use the simplex method to solve the following linear programming problem

Maximize P=2x +2x, +x

subject to 2x, +x, +2x, =14 .
Ix, +4x, +x, 226
X+2x, 435,28

x5 =0

x =0

x, =0



Example 4: Tnstyn who works for a non-profit organization. 15 raising money by visthing and
telephoning local churches and busmesses. She has discovered that each business requires a 2
hour personal visit and 1 hour of phone calls, while each church requires a 2 hour personal visit
and 3 hours on the phone. Tristyn can typically raise $1000 from each business and $2000 from
each clmrch In each month, she has 16 howrs of time available for personal visits and 12 hours
available for phone calls. Determine the most profitable muxture of groups she should contact
and the most money she can raise in a month.



Example 5: The Sharp Company sells sets of kitchen kmves. The Value Set consists of 2
paring knives and 1 medimm knife. The Regular Set consists of 2 parmng kmives, 1 medinm kmife
and 1 chef s kimfe. The Deluxe Set consists of 3 panng kaves, 1 medmm knife. and 1 chef's
kmife. The profit is $30 on a Value Set, $40 on a Regular Set, and $60 on a Deluxe Set. The
factory has on hand 2800 panng lnves, 400 mediom knives, and 200 chef s louves. Assumming
that all sets will be sold, how many of each type should be made up in order to maximize profit?
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Example 6: A baker has 60 pounds of flour, 132 pounds of sugar. and 102 boxes of raisins. A
batch of raismn bread requires 1 pound of flour, 1 pound of sugar, and 2 boxes of raisms, while a
batch of raisin cakes needs 2 pounds of flour, 4 pounds of suzar, and 1 box of raisins. The profit
iz $30 for a batch of raisin bread and $40 for a batch of raisin cake. How many batches of each
should be baked so that the profit 15 maximized? What is the maxinmm profit?



