1.5.1
1.5: Quadratic Equations

A quadratic equation in x is one that can be written in the general form ax* +bx+c =0, where ¢ #0.

Quadratic equations can be solved by: . \ C ey
e factoring. u“df'-:‘\_ JRNTY e
. 3
taking square roots. ‘t ¥ S

L
e completing the square
e using the quadratic formula.

Solving a quadratic equation by factoring:

Solving a quadratic equation by factoring involves the zero-product principle.

Zero-Product Principle

If the product of two algebraic expressions is zero, then at least one of the factors is equal to zero.
If AB=0,then A=0 or B=0.

In other words, if multiplying two expressions results in 0, then at least one of them must be zero.

To solve an equation by factoring:
1. Move everything to one side (i.e. write in the form ax’ +bhx+c=0). LUJ“M A %xc‘“dwd
_%5 - dnr o uuild‘_"-)
2. Factor the nonzero side.
3. Set each factor equal to zero.

4. Solve each of the resulting new equations.

Example 1: Solve x* —3x =4 by factoring.

oot Shon SO

- 2x -4 %D
R (AL N
o=k A = —\

Example 2: Solve 3¢ =27¢—42 by factoring.

’g C:l = r_l';lr‘_bc - 4_1 -;(4 b\L?(-LSs\.I\S LGAV S\"\f\é‘ld

_%J—_\.')_‘lc, -AL (or Sedored)
(e - e+ W) A Byt gt b
S (C‘_’\)(C_Db "

21 =0 alr -2 =0
o I -
> v e C =7 C=d
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1.5.2
Example 3: Solve 34> -104=8.

Example 4: Solve xt=25x.

NE - 5% =0

Nx-23 =o {031575
of” 1-9-5:0

Nz O e 15

Example 5: Solve 1262 +5t-2=0.

Example 6: Solve 187 +25t+4=0.
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1.5.3

The Square Root Property

If u* =d, then uzxfc_f or 3.'2—\/5‘

Note: If d > 0, then both solutions are positive real numbers. If d < 0, then both solutions
are non-real complex numbers.

Solving a quadratic equation by using the square root property:
1. Write it so that one side is a perfect square.

2. Take square roots of both sides, remembering the + . Both the positive and negative
square roots make the equation true.

Example 7:  Solve x* =100 by factoring. \ ] o \ + \O} \
’Y;l — \OO =O 5,_)9 'S S.d .
¢

(s 10) GH-10) =O

1_& uwy, afl "\\'\”“5
N=-— \O ’1 \D LD
Example 8: Solve x* =100 by taking square roots.
o - 5700 (x| o {10,-0
A
N = =0
2o -

Note: —E'-]\ ol o0
Ja is the positive number whose square is @. This means that % .au-h L}:{ACIJU\J
V5.4/6.4/77, and /13 are all positive numbers.

A = + S—\DO
Thus— J_ \/_ \f_ and \/_3 are all negative numbers.

. A \0¢
Question: What is \[6? N

3

Reald. (N

Example 9: Solve y*—17 =0 by using the square root property.

{c 1 X
A &{-@a]ﬁig "’ @'m
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Example 10: bol:(,r(u_tl),—b by using the square root property. ) Yo ?ué o ;Emr-l vod”

Example 11: Solve x* +64 0 by using the square ro

(\u *?;SL = D.E_)

0 \\J'\
\La \Ng - '—,b%\"kﬂ..

- A\ u\
o w9 t)
TR Wb Yo 1.5.4

- &) £ 315 PNV Mg\""‘“m
(\u'i'% = i;_‘:—ié Y= :,r- -3~5 o5 *\N{& T |:|r\ ﬁ"\! d%
w3 = = we 1L erwz-h

M@:i_‘é, sl sd e —_*5‘53,:@
m = H% OK,

AN e - G4
- sSA

N = i"rﬁ

_xal
Example 12: Solve x* +45=0 by using the square root property.
F o= - 45 7 A= TS 5
. r Ay e
e s,y’_ 5 v 5555

Z#SEL *_iBS,

Solving a quadratic equation by completing the square:

[\ . .
To "complete the square on a quadratic equation:

1.
2.

Rewrite it with the constant term on the righl side.
Divide both sides by the coefficient of x*. You should now have something in the form
X +bhx=c.

|
Add@J to both sides. This will make the left side into a perfect square.

Factor and solve by taking square roots.

Example 13: Solve x* +8x—10=0 by completing the square.

,‘LL_\_ By = \0 Scm’s’)":
B 2
P MR &) =W =
o
LR \p =z \0 + A Codar ‘11_\_8% «\
P A < @L*’*\b‘%* )
(1« '\
EXIN tﬁ% i
o
z - m;_-
Nx K A(A«ﬁ(ﬂ é__" \)( \ @
Nz - - (x+X Yrd
Af £ AT A
N I g S
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Example 14: Solve 3x* —18x+1=0 by completing the square.

AT S Jwﬂ ay BNBY0

T 1 _\m - - \ 3
2y 33 o - \ 3
(f == 5 3E) Ve e | (Dt Wl s S
- = -ty > 2 A
* =3 2okl = 73 S
(_*_—%_ - %/_ L -’[.D"{. 5 - A X —L L 2
B o — 2 T — () = 33
- 2 —=\J3
PR A A
- - =
i 15: /e x* —7x—5=0 by completing the square.
Lo -l - 5 =0
M BE TN, A2 x
<) * % -1 =5
N 7) 3 ,\{:L—_I’L > = S &
2 (2 T 2 Lo i
K= 2lE) 2 AL TS =t
S’ﬁ 3fﬁ8 2 A2
9 x - @ . _.,) _ 5% ~ 7
- = G - (-4
N 3 3 2 1 43
| Z - X TR
Solving a quadratic equation using the quadratic formula: L ) 2 (.9
. The solutions to the quadratic equation ax® +bx+¢ =0, a =0 are given by (7\-'1—;_ = I
Poeor B L a2
oot — L T
X—M.This is called the quadratic formula. 1 . £ N6
2a e = - —T
2 7y N6
Example 16: Solve x~ —3x =4 using the quadratic formula. = 2 — 2
’K‘L_q-)%_ A( = N - 1&555
SIELY, e
2 x L"’J\T'A‘O
A= W)
S
N o= oy
2,x 115 ’EEE ol 4
2 —_ P
2
w2
e 2 )
_ . =\ ?ni\'\um_'] &]{Lﬁué
. 8 = =) W ) =) X wadd ‘o
Ttz 2 E wad
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Example 17: Solve ¢ +3 =5¢ using the quadratic formula.

1.5.6
a=\ r-5t+3=0
= - “\BY N\ A=c
o= Ji —é g tM’ﬁ\) ~N e )
C = = VT/’_ =~
20

¢

Example 18: Solve 3P 42x=-2.

z

AT sl
HENS-Y
*

Example 19: Solve W —6u+9=0.

Example 20: Solve 3x* —dx =—1.
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1.5.7
Example 21: Solve 4" -3y =10.

Using the discriminant to determine the number of real solutions:

The discriminant is the expression under the square root sign in the quadratic formula.
(i.e. it=s the b* —4ac.)

If b* —4ac <0, the equation has no real solutions. There are two complex solutions, which are
complex conjugates of one another.

e [If > —4ac >0, the equation has two real solutions.

e If " —dac =0, the equation has exactly one real solution.

If b* —4acis a perfect square (positive), and all the coefficients are rational, the equation has
two rational solutions. (solutions are fractions or integersBno square roots)

Example 22: Describe the solutions of 4x* —3x+10=0. Solve it.

Q
\07’ - Ao = L’/ﬂi - A&(‘% (\D> b
. 9 _\o = — G\ Tas o W c

- &
-3

n

=\0
ot wedy Tha

Scﬁ;nm e Y-
5o | no r“D SJQJSIU"S. Nava ae D Cﬂw\\sﬂmﬁ S.r(lﬁaf\h.

2 x Y& _ BEIEY

N = _ - 8

24

Sabn Sk
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Example 23: Describe the solutions of 5¢* —10c+1=0. Solve it.

\ﬂl— Agg = (—\Q’L - «L@}(O

= \® -390 _ RO

i —wo ad e~ - vedianald sa-ud\rﬂiJ

_bjm 0¥ 8o

[

PN - Py (.':-‘)

w¥ 38
= o

Example 24: Describe the solutions of 6x> +x=12. Solve it.

(D"E_*'\L -\ =0 o=
\pz

2 oan - (- &0

=\ % 1Al
- e 1By = L83

—\e dasy | oAl

N = ch\ L
-Y 1) A lnﬂg_ylﬂmt
rDJlu.\'M"- w = VL L 3

_’_D [?\’-ﬂn-g 6\5]1"\'\'\0\4,'7-\.\‘\!‘3 ara  gedia

be -o

%3 —_\—l" y %0 a F.nr:‘tl.* ‘}buuf,j

:ta\-_/l_—l_ng—l
%L T w2

Example 25: Describe the solutions of 25a° =30a+9=0. Solve it.

\2- 4ac = (-30) — AG9)(5)
= 90 T 30
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