Proving Things Using the Principle of Mathematical Induction:

Mathematical Induction is used to prove statements about the natural/counting
numbers.

It consists of two steps.

The first step(base step) is to show that the statement is true for the first natural
number, 1.

The second step(induction step) is to show that if the statement is true for a natural
number greater than or equal to 1, then it must also be true for the next natural
number.

The reason why this combination proves the statement for all natural numbers is
the following: Choose any natural number, j. The statement must be true for j,

because it’s true for 1 and therefore 2, and therefore 3......, and therefore j.



Examples:

n(n+1
1. Provethat 1+2+3+---+n =¥ for all natural numbers, n.

Base Step: Show that it’s true for n=1.
Left side Right side

l-(1+1) 1.2
1 = =11
2 2




Induction Step: Show that if it’s true for n =k, then it must also be true for

Conclusion:

1+2+3+---+n=

n=Kk+1.

Assuming that it’s true for =Kk, leads to
k(k+1

1+2+3+---+k=(—).

Go_al:1+2+3+-..+k+(k+l): (k+l)(k+2)

How do you turn the current left side into the desired left side of

1+2+3+---+k+(k+1)? Add (k+1), so add it to both sides.

1+2+3+--+k+(k+1)= k(k+1)

+(k+1)
Ck(k+1)+2(k+1) (k+1)(k+2)

2 2

n(n+1)

for all natural numbers, n, by Mathematical Induction.



2. Provethat 1+2+2* +.--+ 2" =2"—1 for all natural numbers, n.

Base Step: Show that it’s true for n=1.
Left side Right side

2=l |2-1=2-1=]1]




Induction Step: Show that if it’s true for n =k, then it must also be true for
n=k+1.
Assuming that it’s true for =Kk, leads to
1+2+2°+---+27 =2" -1.
Goal: 1+2+2" +---4 2"+ 2" =2 —1.

How do you turn the current left side into the desired left side of

142+ 2 +---+ 2+ 22 Add 2°, so add it to both sides.
142424+ 4242 =21+ 2"
=2.2-1=2""-1

Conclusion:

1+2+2°+-.-+ 2" =2" -1 for all natural numbers, n, by Mathematical Induction.



1 1 L _ " torallnatural numbers, n.

3. Prove that + + et
2-3 3-4 n(n+1) n+1

Base Step: Show that it’s true for n=1.
Left side Right side

S
1.2 |2 1+1

L
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Induction Step: Show that if it’s true for n =k, then it must also be true for

n=Kk+1.
Assuming that it’s true for =Kk, leads to

1 1 1 1 k
+—+— -+ = .
1.2 2.3 34 k(k+1) k+1

1 1 1 1 1 k+1
Goal: + + NEE + = .
1-2 2-3 3.4 k(k+1) (k+1)(k+2) K+2

How do you turn the current left side into the desired left side of

1+1+1+---+ L + L ? Add L
1.2 2-3 3.4 k(k+1) (k+1)(k+2) (k+1)(k +2)

, SO add it to both sides.
1+1+1+---+1+ 1 —k+ 1
1.2 2.3 3.4 k(k+1)  (k+1)(k+2) k+1 (k+1)(k+2)
~ k(k+2)+1 (k+1)2 _k+1
_(k+1)(k+2)_(k+l)(k+2)_k+2
1 1 1 n
= for all natural numbers, n, by

Conclusion: L + + et
1.2 2.3 34 n(n+1) n+1

Mathematical Induction.



n’(n+1)

4. Provethat ' +2° +3 +---+n° = for all natural numbers, n.

Base Step: Show that it’s true for n=1.
Left side Right side

pof (YO 14 g
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Induction Step: Show that if it’s true for n =k, then it must also be true for
n=Kk+1.

Assuming that it’s true for =Kk, leads to

K (k +1)

P+2°+3 +--+kK’ =

» (k +1)2(k +2)2
— y _
How do you turn the current left side into the desired left side of

Goal: I'+2+3" +---+ k' +(k +1)

P+2+3 +---+k*+(k+1)? Add (k +1)’, so add it to both sides.

13+23+33+~-+k3+(k+1)3:k(k+1)+(k+1)3

(k +1)2(k2+4k+4)=(k +1) (k+2)

Conclusion:

n*(n+1) _ _
'+2°+3+---+n’= g for all natural numbers, n, by Mathematical Induction.



5. Prove that 2" > n for all natural numbers, n.

Base Step: Show that it’s true for n=1.

Left side

Right side

2 =|2]




Induction Step: Show that if it’s true for n =k, then it must also be true for
n=k+1.
Assuming that it’s true for =Kk, leads to
2" >K.
Goal: 2 >k +1.

How do you turn the current left side into the desired left side of

2"? Multiply by 2, so multiply both sides by 2.
2 > 2K
=k+k>k+1, because k >1

{2k=k+k >k +1}

Conclusion:

2" >n for all natural numbers, n, by Mathematical Induction.



6. Consider the sequence {a } with a =1and a_, =./2+a ;n>1.

a) Show that a_< 2 for all natural numbers, n.

Base Step: Show that it’s true for n=1.
Left side Right side

a =1 2

Induction Step: Show that if it’s true for n =k, then it must also be true for
n=Kk+1.

Assuming that it’s true for n=Kk, leads to a < 2.

Goal: a_ <2.

a_ =.2+a <J2+2= J4 =2, because a, <2 by assumption

Conclusion:

a_ < 2 for all natural numbers, n, by Mathematical Induction.



b) Show that a_ >a_for all natural numbers, n.

Base Step: Show that it’s true for n=1.
Left side Right side

a, =|/3 a, =1

Induction Step: Show that if it’s true for n =k, then it must also be true for
n=Kk+1.

Assuming that it’s true for n=Kk, leadsto a_ > a .

Goal: a _, >a__.

a_,=+2+a_ >.2+a =a_, because a_, >a by assumption

k+1 7

Conclusion:

a  >a_for all natural numbers, n, by Mathematical Induction.



