Review of Complex Numbers:

The standard form of a complex number is a+bi, where a and b are real numbers
and 1’ =-1.

Basic Operations:

Addition: (2+3i)+(5-7i)
(2+3i)+(5-7i)=(2+5)+(3-7)i=[7—4i
Subtraction: (—4+3i)—(6—7i)
(—4+3i)—(6-7i)=(-4-6)+(3—(-7))i =|=10+10i

Multiplication: (2+3i)(5-7i)

(2+3i)(5—7i)=10—-14i +15i — 21i* =10+i+ 21 =31+

Division: (2+3i)+(1+2i)

2+3i 1-2i 2-4i+3i-6i° 2-i+6 [8
1+2i 1-2i 1-4i° 5

(2+3i)+(1+2i)=




The standard form is also known as the rectangular form, since the complex number
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a -+ bi can be thought of as a point in the complex plane.
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The distance that a complex number, z=a+bi, is in the complex plane from the

origin is called its magnitude or modulus, |z|=|a+bi|=~/a’ +b’.

Example:

3—4i| =3 +4" =+/25=5

The conjugate or complex conjugate of a+bi is a—bi, and the notation is

a+bi=a—bi. For any complex number, z, 2z =|z/ .

Show why.

(a+bi)(a+bi)=(a-+bi)(abi)=a’ —abi+abi b’ =a* +b*=(va +b") =|a-+bi[



There is an alternative method for locating and describing complex numbers in the

complex plane called polar form-just like polar coordinates.
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Standard polar formhas r >0, 0<8 <2z, and is written as a +bi = r(cos@+ Isin 0),

where r =+/a’ +b?.

Examples:
Find the standard polar form of 1+1.
\/* T T V2 1
1+1=|+2| cOS—+1iSin—
(o isn )
1

Find the standard polar form of 1-/3i.

1—\/§i = Z(COS%T +1 sin%[j

\w\lé."
/

/
7
@




Products and Quotients of Complex Numbers in Polar Form:

We’ll need some trig. identities: cos(a + f8)=cosacos f—sinasing  and
sin(a + ) =cosasin B +cos Ssina

z,=r(cosf +isind) and z,=r,(cosd, +isind))

Product: zz,=r,(cosd, +isiné,)-r,(cosd,+ising,)
=rr,| (cos6,cos6, —sing;sind,)+i(cos 0, sin6, +cos o, sind) |

=rr,[ cos(6,+6,)+isin(6,+6,)]

Similarly,

Z r
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Quotient: == L[cos(ﬁl ~6,)+isin(6,-6,)]



Examples:

S5 . . brx T .. T 6r . . 6r /A i
2| CcOS— +1SIn— | |-| 3] cOS— +1SIn— | |=6]| cOS— +1SIN— |=6| COS— +1SINn— | = 6l
12 12 12 12 12 12 2 2

S5 . . brx T . . T 2
2| coS—+1SIn— | |+| 3| cOS—+1ISIn— | |=—
12 12 12 12 3
2 T .. T
=—| COS—+1SIn—
3 3 3)
2
3

1 ﬁijzl 1
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COS—+1SIN—
12

=+
2 2

3 3



De Moivre’s Theorem:

For z=r(cos@+ising) and n, an integer, z" =r"| cos(n@)+isin(no)]|.

Examples:
Find (1+i)" Find (v3-i).
N z .. 72\ o\ 11z . . 11z)\]
(1+1) :{\/E(coszﬂsmzﬂ (\/§—|) :{Z(COSTHsm?ﬂ
=16(cos 2z +isin2r) = 64(cosllr +isinllr)
=16 = —64



Let’s use De Moivre’s Theorem to find some roots of imaginary numbers.

Find all the square-roots of i.

We want to find a complex number, z =|z|(cos@ +isind);0<6 < 2z, so that z* =i.
This means that

2] (cos@ +isin@) =0+i=|z[ (cos20 +isin20)=0+]i

= \z\ (cos26 +isin20) = cos(an+%)+ isin(Zn;w%j

So 2(922n72'+%=%,272'+%,472'+£,...39=n72'+£=£,72'+—,272'+£,..., and

|z|=1. The only values of 8 with 0<6< 27 are % and >
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So the two square-roots of i are cosZ +isin—=—+ and
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57 . . 5r =2
COS——+1SINn = —
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Find all the cube-roots of 4\@+ 4.

We want to find a complex number, z =|z|(cos@+isind);0< 6 < 2z, so that

22 =43+ 4i.

This means that
Uz\(cos&ﬂsin 9)] = 43+ 4i = |2[ (cos36 +i5in30) = 44/3 + 4i

= \zr(c0530+isin 30) = 8|:COS(2H72’+%)+ isin(me%ﬂ

So
36?:2n7z+£=£,27z+£,47z+£,...:>6?—2”—7Z T _T 2n 5,4—ﬂ+£, 7z+£,...
6 6 6 6 3 18 18 3 18 3 18 18
T 272 r 137 471 T 257r

, and the only values of 8 with 0<8 <27 are —, —+ — , a
18" 3 18 18 3 18 18

We also need to have that |zZ{=2. So the three cube-roots of 43 +4i are

T .. T 137 . . 13« 257 257
2| cos—+1sin— |, 2| cos——+i1sin— |, and 2| coS—— +1Sin——
18 18 18 18 18 18



