Trigonometric
ldentities
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5.5 Double-Angle

Double-Angle Identities = An Application = Product-to-Sum and
Sum-to-Product Identities
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Double-Angle Identities

We can use the cosine sum identity to derive
double-angle identities for cosine.

cos2A =cos(A+A)

=COSACOoSA-sinAsinA
Cosine sum identity
— cos® A—sin? A
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Double-Angle Identities

There are two alternate forms of this identity.
cos2A = cos® A -sin? A
= (1-sin? A) - sin® A
=1-2sin A
cos2A = cos® A -sin? A
= cos® A- (1 — cos? A)

—2c0s?° A-1
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Double-Angle Identities

We can use the sine sum identity to derive a
double-angle identity for sine.

Sin2A = sin(A + A)

=SinAcosA+cosAsinA

Sine sum identity
=2SINACOSA
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Double-Angle Identities

We can use the tangent sum identity to derive a
double-angle identity for tangent.

tan2A =tan(A+ A)

_ tanA+tanA -
1—tan Atan A Tangent sum identity

~ 2tanA
1—tan? A
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cos2A =cos? A—sin’A  cos2A=1-2sin? A
COS2A = 2cos? A—1 Sin2A =2sinAcos A

2tan A
1—tan® A

tan2A =
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B Example 1 T/NDING FUNCTION VALUES OF 26

GIVEN INFORMATION ABOUT @

Given cosd :% and sin 6 < 0, find sin 26, cos 26, and tan
26.
To find sin 26, we must first find the value of sin 6.

2
: 4
sin26’+(§j =1 :>sin26’:E — Sinf=——
5 25 5

Now use the double-angle identity for sine.
Sin20 = 2sinfdcosf = 2[—ﬂ] (ﬁj — _24
5/\5 25

Now find cos26, using the first double-angle identity for
cosine (any of the three forms may be used).

9 16 7

co0S20=cos’f-sin*f=—_—""—"— ___
25 25 25
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FINDING FUNCTION VALUES OF 26
GIVEN INFORMATION ABOUT @ (cont.)

P Example 1

Now find tan 6 and then use the tangent double-
angle identity. A

_sing _ 5 _ 4
tand = cosf 3 3

ALWAYS LEARNING Copyright © 2017, 2013, 2009 Pearson Education, Inc. PEARSON



B Example 1 T/NDING FUNCTION VALUES OF 26

GIVEN INFORMATION ABOUT @ (cont.)

Alternatively, find tan 26 by finding the quotient of
sin 26 and cos 26.

24

sin20 o5 24
cos20 1 7
25

tan 20 =
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b Example 2 FINDING FUNCTION VALUES OF 8

GIVEN INFORMATION ABOUT 26

Find the values of the six trigonometric functions of 6 if

c0s20 =2 and 90° < @ < 180°.

5
We must obtain a trigonometric function value of 6

alone, c0s26 =1-2sin’ @ 1
_ ain2
2 —1-2sin?0 = 1g ~ 5" 7

@ is in quadrant Il, so sin @ is positive.

. [1 _\10
SINd = 0°-10
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b Example 2 FINDING FUNCTION VALUES OF 8

GIVEN INFORMATION ABOUT 26 (cont.)

Use a right triangle in quadrant Il to find the values of

cos 6 and tan 6. f
[":\/10,}/21, X:—3
V10 6
Use the Pythagorean 1 £ \
theorem to find x. -3 ~
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P Example 3 VERIFYING AN IDENTITY

Verify that cot xsin2x =1+ cos2x is an identity.

cot xsin2x = ¥83X gin2x Quotient identity
SIN X
= (;?r? )’: (2sin xcos x) Ejg‘rjlﬁ'tfl'a”g'e
= 2cos? x
— 1+ cOSs 2x cOS2x = 2C0s° X — 1=

2

2C0S“ X =14+Cc0S2x
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} Example 4 SIMPLIFYING EXPRESSIONS USING

DOUBLE-ANGLE IDENTITIES

Simplify each expression.
(a) cos’7x —sin®7x = cos2 (7x) COS2A = C0S2A — Sin2A
= cos14x

(b) sin15“’cos‘|5‘:’:%-23in15°cos15o Multiply by 1.

= ~(2sin15°cos15°)

:%sin(2-15°) sin2A = 2sinAcos A
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} Example 5 DERIVING A MULTIPLE-ANGLE

IDENTITY

Write sin 3x In terms of sin X.
sin3x = sin(2x + x)
=SIN2XCOSX +Cc0S2XSInNX  Sine sum identity
= (25in x cos x)Ccos X + (0032 X —sin? x)sin X

Double-angle identities

— 2sin xcos? x + cos? xsin x — sin® x

- 2sinx(1 _ sin? x)+ (1 _ sin? x)sinx— sin® x

cos?0 =1-sin 6
= 2sinx — 2sin® x + sin x — sin> x — sin® x
— 3sinx — 4sin° x

ALWAYS LEARNING Copyright © 2017, 2013, 2009 Pearson Education, Inc. PEARSON



)»EmmnMeES DETERMINING WATTAGE

CONSUMPTION

If a toaster is plugged into a common household
outlet, the wattage consumed Is not constant.
Instead, it varies at a high frequency according to the

model 2
woV
R

where V Is the voltage and R Is a constant that
measures the resistance of the toaster in ohms.*

Graph the wattage W consumed by a typical toaster
with R = 15 and V =163sin120xt in the window

[0, 0.05] by [-500, 2000]. How many oscillations are
there?

*(Source: Bell, D., Fundamentals of Electric Circuits, Fourth Edition, Prentice-Hall.)
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> Example 6 DETERMINING WATTAGE

CONSUMPTION (continued)

g : Forx =1,
Substituting the given (163 sin 12077)2

values into the wattage W) < 5

: : 2000
equation gives -
W _ V2 _ (163sin120aty |

~500

The graph shows that there are six osclillations.
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Product-to-Sum ldentities

We can add the identities for cos(A + B) and
cos(A — B) to derive a product-to-sum identity for
cosines.

cos(A+B)=cosAcosB-sinAsinB
cos(A-B)=cosAcosB+sinAsinB
cos(A+B)+cos(A-B)=2cosAcosB

cos AcosB = %[COS(A + B) + cos(A - B)|
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Product-to-Sum ldentities

Similarly, subtracting cos(A + B) from cos(A — B)
gives a product-to-sum identity for sines.

cos(A-B)=cosAcosB+sinAsinB
cos(A+B)=cosAcosB-sinAsinB
cos(A—-B)-cos(A+B)=2sinAsinB
1

sinAsinB = §[cos(A —B)+cos(A+B)|
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Product-to-Sum ldentities

Using the identities for sin(A + B) and sin(A —B) In
the same way, we obtain two more identities.

1

sinAcosB = 5[ sin(A+B)+sin(A-B)

COSAsSInB =

2
11 . . —
§_SIH(A+B)—SII‘I(A—B)_
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Product-to-Sum Identities

cos AcosB = é[cos(A +B)+ cos(A - B)|
sin AsinB = %[COS(A —B)+cos(A +B)]

. 1r . . -
sinAcosB = §_sm(A +B)+sin(A-B)
. 1r . . -

cos AsinB = §_sm(A +B)-sin(A-B)
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> Example 7 USING A PRODUCT-TO-SUM IDENTITY

Write 4 cos 75° sin 25° as the sum or difference of
two functions.

400575°5in25° = 4.1 (sin75° +25°) - sin (75° - 25°)]

= 2sin100° - 2sin50°
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Sum-to-Product Identities

sinA +sinB = 2sin A+B cos(A_B)
2 2

sinA—sinB:ZCos(AJrB sin(A_B)
2 2

COSA+COSB=ZCOS(A_£B cos(AgB)

COSA—-cosB =-2sin

A+B)Sin(A—B)

ALWAYS LEARNING Copyright © 2017, 2013, 2009 Pearson Education, Inc. PEARSON



P Example 8  USING A SUM-TO-PRODUCT IDENTITY

Write sin26 —sin4@ as a product of two functions.

sin26’—sin49:2008(29;49 sin(29£49)
60 20
_2005( 5 sm( > )

= 2cos 36sin(—6)
= -2c0s36sind
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