Calculus with Parametric Curves

Key formulas

Parametric equations are equations that define « and y as functions of a third variable ¢ (called the parameter):

Plugging a specific value of ¢ into the equations for z and y determine a point (z,y) = (f(¢),g(t)) in the xy-plane.
As t varies, the point (z,y) = (f(t), g(¢)) varies and traces out a curve C, called a parametric curve.

We can eliminate the parameter to find a rectangular equation that represents the graph of a set of parametric
equations.

Differentiation: Given a set of parametric equations x = f(t),y = g(t), we have

dy dy/dt  g'(t)

de  dx/dt  f'(t)’

. dz
provided I # 0.

2y d [dy] 1]
de| 4z

2 = . dx
dx dx &

The first derivative helps us find slopes of tangent lines to a parametric curve. The second derivative helps us
determine concavity of the curve.

Arc Length: If a smooth parametric curve C : x = z(t),y = y(t),a < t < b does not intersect itself on the interval
a <t <b (except possibly at the endpoints), the the arc length of C on the interval is given by
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The area S of the surface of revolution formed by rotating C' about the z-axis (assuming g(t) > 0) is
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and about the y-axis (assuming f(t) > 0) is
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Example 1: Sketch a curve described by parametric equations

Sketch the curve describe by the parametric equations, indicate the direction in which the curve is traced as the
parameter increases and find the rectangular equation by eliminating the parameter.

z =+t y=t—5, wheret > 0.

Write the solution here

Example 2: Using trigonometry to eliminate the parameter

Eliminate the parameter to find the rectangular equation for the curve. Identify the curve.

1. @ = cos(t),y = sin(t) where 0 < ¢ < 2. 2. x=—-3+4cos(t),y =2+ 5sin(t) where 0 <t < 27.

Write the solution here




Example 3: Finding a derivative

Find Zl—z for the curve given by

Lo=Vy=4—t 2. ¢ =2¢% y=e"?

Write the solution here

Example 4: Find slope and concavity

Find Z—Z and % and find the slope, concavity, and equation of the tangent line of the curve at the given point.
1.z =t>+5t+4,y=4t,t=0 2. x=0—sinf,y=1—cosh, 0 ==

Write the solution here




Example 5: Find arc length

Find the arc length of the curve on the given interval

x =arcsin(t),y =Inv1—-¢2,0<¢t < 1.

Write the solution here

Example 6: Find surface area

r
.

ind the area of the surface generated by revolving the curve z = acos® 6, y = asin® 6, 0 < # < « about the z-axis.

Write the solution here




