Definition of the Laplace Transform

Review of Improper Integrals
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Let f(x) be a continuous function on the interval [0, c0), the improper integral / f(z)dz is defined as
0

o b
/ f(z)dz = lim f(z)dz.
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If the limit exists, we say that the integral converges; otherwise, we say that the integral diverges.

Example 1: Evaluate Improper Integrals

Determine whether the integral converges or diverges. Evaluate the integral if it converges.
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1. / dx = lim dx = lim (In(b+ 1) — In(1)).
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Since In(b + 1) — oo as b —+ oo, the integral diverges.
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Hence, the integral converges to m/2.

Laplace Transform

Let f(x) be a function defined on the interval [0,00). The Laplace transform of f is a function F given by the
formula

F(s) = £{(x)} = / " e f(a)d.

The domain of the function F(s) is all the values of s for which the integral converges. The Laplace transform of f
is denoted by both F and Z{f}. The Laplace transform is an operator which takes a function f (in the variable x)
and transform into another function F' (in the variable s). This is an example of an integral operator.

Example 2: Find the Laplace transform of a function by definition

Find the Laplace transform of the constant function f(x) =1, = > 0.




By definition of the Laplace transform, we have
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F(s)=%{1} = / e 1ldx = lim e *dx
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= lim = lim |— +—1.
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For s > 0 and fixed, the exponent —sb is negative so e7** — 0 as b — oco. Hence, the last limit equals —. Thus,
S
1
F(s) = = when s > 0.
S

o0 o0
When s < 0, we have e™*® — 00 as b —> 00, so the integral diverges. When s = 0, the integral / e Tdr = / ldx
0 0
diverges as well.
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Thus, the Laplace transform of f(x) =1, > 0 is the function F(s) = 5 with the domain s > 0.

Example 3: Find the Laplace transform of a function by definition

1. Let a be a constant. Find the Laplace transform of the function f(z) = e**, x > 0.

2. Use your result from part 1 to obtain .Z{e**} and Z{e~3"}.

1. By definition of the Laplace transform, we have
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By the same reasoning as the previous example, the integral converges when s — a > 0 and it converges to

. The integral diverges when s —a < 0. Thus, the Laplace transform of f(x) = e%*, x > 0 is the function
s—a
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F(s) = —— with the domain s > a.
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2. By part 1, we have .Z{e’*} = P with domain s > 5. And Z{e %} = P with domain s > —8.

Example 4: Laplace transform of a piecewise function by definition

Find the Laplace transform of the function




Since f(z) is defined by different formulas on different intervals, we need to break up the integral in the definition of
the Laplace transform of f into different parts, we have

F(s)= /0Oo e~ f(x)dx
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Note that in from Step 3 to Step 4, we have used the fact that blim be ** = 0 when s > 0 (L’Hopital Rule).
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Laplace Transforms of Basic Functions

Using the definition of the Laplace transform, we can obtain the Laplace transforms of many basic functions.
Function f(z) | Laplace Transform F(s) = Z{f(z)}
1
1 -,5>0
s
e’ ,5>a
s—a
" n!
", n=1,2,... F,S>O
. b
sin(bx) 2 et >0
cos(bx) ﬁ, 5>0
b
smh(bx) m, s>b
cosh(bx) ﬁ, s>b

Linearity of the Laplace Transform

If we know Z{f(z)} = F(s) and .Z{g(z)} = G(s), then the Laplace transform of the function h(z) = 2f(x) + 3¢g(x)
will be Z{h(x)} = 2F(s) + 3G(s). More generally, if f and g are functions whose Laplace transforms exist for s > a
and ¢y, co are constants, then for s > a, we have

L{c1f(@) + c29(x)} = aZL{f(2)} + 2L {g(x)}.

This is called the linearity property of the Laplace transform. In other words, the Laplace transform is a linear
operator.

Example 5: Find Laplace Transforms of functions using Table and Linearity

Use the table of basic Laplace transforms and linearity property to find the Laplace transform of the function:

1. Z{5—e*® +62%} 2. Z{cos(bx) + sin(2x)}




1. For s > 2, we have

L5 — €% + 622} =5.2{1} — L{e*"} + 6.2{2?}
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2. For s > 0, we have
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Z{cos(bz) +sin(2z)} = L{cos(5z)} + L{sin(2z)} =

Example 6: Find Laplace Transforms of functions using Table and Linearity

Use the table of basic Laplace transforms and linearity property to find the Laplace transform of the function:

1. Z{e ¥ cosh(z)} 2. L{cos’ x}

Before we find the Laplace transform, we need to rewrite these functions

1. We have:
ZL{e T cosh(x)} = L{e - #}
. {”Te_} = 2 (20} + 2{e7))
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1+ cos(2z)

2. Using the trig identity cos® x = 5

1+ cos(2x)
2

1 1/1 s
= S (21} + Z{eos(20)}) = 5 (5 ==

L{cos’x} = L = %Z{l + cos(2z)}

), for s > 0.

\.




