
Chapter 6
Matrices and 
Determinants
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6.1  Matrix Solutions to
Linear Systems
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• Write the augmented matrix for a linear system.
• Perform matrix row operations.
• Use matrices and Gaussian elimination to solve 

systems.
• Use matrices and Gauss-Jordan elimination to solve 

systems.

Objectives:
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Matrices

Matrices are used to display information and to solve 
systems of linear equations.  A matrix (plural:  
matrices) is a rectangular array.  The information is 
arranged in rows and columns and placed in brackets.  
The values inside the brackets are called elements of 
the matrix.   

1 2
3 4
 
  

matrix

elements of
the matrix
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Augmented Matrices

The first step in solving a system of linear equations 
using matrices is to write the augmented matrix.  An 
augmented matrix has a vertical bar separating the 
columns of the matrix into two groups.  The coefficients 
of each variable are placed to the left of the vertical line 
and the constants are placed to the right.  If any variable 
is missing, its coefficient is 0.
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Augmented Matrices (continued)

Here are two examples of augmented matrices:
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Matrix Row Operations

A matrix with 1’s shown on the main diagonal and 0’s 
below the 1’s is said to be in row-echelon form.  We 
use row operations on the augmented matrix to 
produce a matrix in row-echelon form.

This matrix is in
row-echelon form.

main diagonal
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Matrix Row Operations
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Symbols for Row Operations
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Example:  Performing Matrix Row Operations

Use the matrix

and perform the indicated row operation:  

4 12 20 8
1 6 3 7
3 2 1 9

− 
 − 
− − −  

1 2R R↔

4 12 20 8
1 6 3 7
3 2 1 9

− 
 − 
− − −  

1 2R R↔
1 6 3 7
4 12 20 8
3 2 1 9

− 
 − 
− − −  
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Example:  Performing Matrix Row Operations

Use the matrix

and perform the indicated row operation:  

4 12 20 8
1 6 3 7
3 2 1 9

− 
 − 
− − −  

1
1
4

R

1 1 1 1(4) (12) ( 20) (8)
4 4 4 4

1 6 3 7
3 2 1 9

 − 
 − 
 − − −
  

1 3 5 2
1 6 3 7
3 2 1 9

− 
 = − 
− − −  
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Example:  Performing Matrix Row Operations

Use the matrix 4 12 20 8
1 6 3 7
3 2 1 9

− 
 − 
− − −  

2 33R R+

4 12 20 8
1 6 3 7

3(1) ( 3) 3(6) ( 2) 3( 3) 1 3(7) ( 9)

− 
 − 

+ − + − − + + −  

and perform the 
indicated row
operation:

4 12 20 8
1 6 3 7
0 16 8 12

− 
 = − 

−  
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Solving Linear Systems Using Gaussian Elimination
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Example:  Gaussian Elimination with Back-Substitution

Use matrices to solve the system:

Step 1  Write the augmented matrix for the system.

2 2 18
2 9

2 6

x y z
x y z
x y z

+ + =
 − + =
 + − =

2 1 2 18
1 1 2 9
1 2 1 6

 
 − 

−  
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Example:  Gaussian Elimination with Back-Substitution
(continued)

Use matrices to solve the system:

Step 2  Use matrix row operations to simplify the 
matrix to row-echelon form, with 1’s down the main 
diagonal from upper left to lower right, and 0’s below 
the 1’s in the first and second columns.

2 2 18
2 9

2 6

x y z
x y z
x y z

+ + =
 − + =
 + − =

2 1 2 18
1 1 2 9
1 2 1 6

 
 − 

−  
1 2

1 1 2 9
2 1 2 18
1 2 1 6

R R
− 

 ↔  
−  
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Example:  Gaussian Elimination with Back-Substitution
(continued)

Use matrices to solve the system:

Step 2 (cont) Use matrix row operations to simplify the 
matrix to row-echelon form.

2 2 18
2 9

2 6

x y z
x y z
x y z

+ + =
 − + =
 + − =

1 1 2 9
2 1 2 18
1 2 1 6

− 
 
 

−  

1 1 2 9
0 3 2 0
1 2 1 6

− 
 − 

−  
replace row 2 by

1 31R R− +
replace row 3 by

1 22R R− +

1 1 2 9
0 3 2 0
0 3 3 3

− 
 − 

− −  
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Example:  Gaussian Elimination with Back-Substitution
(continued)

Use matrices to solve the system:

Step 2 (cont) Use matrix row operations to simplify the 
matrix to row-echelon form.

2 2 18
2 9

2 6

x y z
x y z
x y z

+ + =
 − + =
 + − =

1 1 2 9
0 3 2 0
0 3 3 3

− 
 − 

− −  

2 3R R↔

1 1 2 9
0 3 3 3
0 3 2 0

− 
 − − 

−  

replace row 2 by 2
1
3

R

1 1 2 9
0 1 1 1
0 3 2 0

− 
 − − 

−  
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Example:  Gaussian Elimination with Back-Substitution
(continued)

Use matrices to solve the system:

Step 2 (cont) Use matrix row operations to simplify the 
matrix to row-echelon form.

2 2 18
2 9

2 6

x y z
x y z
x y z

+ + =
 − + =
 + − =

1 1 2 9
0 1 1 1
0 3 2 0

− 
 − − 

−  
replace row 2 by

2 33R R− +

1 1 2 9
0 1 1 1
0 0 1 3

− 
 − − 
  



Copyright © 2014, 2010, 2007 Pearson Education, Inc. 18

Example:  Gaussian Elimination with Back-Substitution
(continued)

Use matrices to solve the system:

Step 3  Write the system of linear equations 
corresponding to the matrix in step 2 and use back-
substitution to find the system’s solution.

2 2 18
2 9

2 6

x y z
x y z
x y z

+ + =
 − + =
 + − =

1 1 2 9
0 1 1 1
0 0 1 3

− 
 − − 
  

2 9
1

3

x y z
y z

z

− + =
 − = −
 =
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Example:  Gaussian Elimination with Back-Substitution
(continued)

Use matrices to solve the system:
Step 3 (cont) ...use 
back-substitution to find 
the system’s solution.

The solution set is {(5, 2, 3)}.

2 2 18
2 9

2 6

x y z
x y z
x y z

+ + =
 − + =
 + − =

2 9
1

3

x y z
y z

z

− + =
 − = −
 =

1y z− = −
3 1y − = −

2y =

2 9x y z− + =
2 2(3) 9x − + =

2 6 9x − + =
4 9x + =

5x =
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Solving Linear Systems Using Gauss-Jordan Elimination
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Example:  Using Gauss-Jordan Elimination

Solve the following system using Gauss-Jordan 
elimination.

When we solved this system using Gaussian elimination 
with back-substitution, we simplified the system to this 
matrix:  

We will begin our work from this step.

2 2 18
2 9

2 6

x y z
x y z
x y z

+ + =
 − + =
 + − =

1 1 2 9
0 1 1 1
0 0 1 3

− 
 − − 
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Example:  Using Gauss-Jordan Elimination
(continued)

Solve the following system using Gauss-Jordan 
elimination. 2 2 18

2 9
2 6

x y z
x y z
x y z

+ + =
 − + =
 + − =

1 1 2 9
0 1 1 1
0 0 1 3

− 
 − − 
  

replace row 1 by
1 2R R+

1 0 1 8
0 1 1 1
0 0 1 3

 
 − − 
  

1 0 0 5
0 1 1 1
0 0 1 3

 
 − − 
  

replace row 1 by
3 1R R− +
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Example:  Using Gauss-Jordan Elimination
(continued)

Solve the following system using Gauss-Jordan 
elimination. 2 2 18

2 9
2 6

x y z
x y z
x y z

+ + =
 − + =
 + − =

1 0 0 5
0 1 1 1
0 0 1 3

 
 − − 
  

replace row 2 by

3 2R R+

1 0 0 5
0 1 0 2
0 0 1 3

 
 
 
  

This last matrix
corresponds to
x = 5, y = 2, z = 3.
The solution set 
is {(5,2,3)}.
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